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bondage number of the strong product of two nontrivial trees b(T X T) is equal to b(T )b(T")
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1. Introduction
1.1. Some basic definitions

The graphs considered in this paper are finite, undirected and simple. Let G be a graph with vertex-set V(G) and edge-set
E(G). As usual, we use Ng(v) and Ng[v] to denote the open and closed neighborhood of a vertex v in G, respectively. A subset
D of V(G) is called a dominating set of G if every vertex of G is either in D or adjacent to a vertex of D. The domination number
y(G) is the cardinality of a minimum dominating set of G. For simplicity, we denote by MDS(G) the set of all the minimum
dominating sets G. That is, MDS(G) = {D | D is a minimum dominating set composed of G}. A subset S of E(G) is called
a bondage edge set of a nonempty graph G if (G — S) > y(G). In particular, an edge e is called a bondage-edge of G if
y(G — e) > y(G). The bondage number of G, denoted by b(G), is the cardinality of a minimum bondage edge set of G.

Let G and H be two graphs. The strong product (see [6]) of G and H, denoted by G X H, is a graph such that V(GX H) =
V(G) x V(H), two vertices (g1, h1) and (g, hy) are adjacent if and only if either g; = g, and h1h, € E(H), or g1g2 € E(G) and
h1 = hy, or g1g, € E(G) and h1h, € E(H) (refer to Fig. 1.1).

Definition 1.1 ([14]). (1) A vertex v € V(G) is called universal if v belongs to every minimum dominating set of G.
(2) Avertex v € V(G) is called idle if v does not belong to any minimum dominating set of G.
(3)Avertex v € V(G) is called alterable if v is neither universal nor idle.
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Fig. 1.1. Examples of strong product.

Definition 1.2. [14] Let e be a bondage-edge of G.
(1) eis called a genuine bondage-edge if e is incident with two alterable vertices of G.
(2) eiis called a nongenuine bondage-edge if e is incident with one universal vertex and one idle vertex of G.
There is no other kind of bondage-edge.

Definition 1.3. A vertex v € V(G) is called critical if and only if y(G — v) < y(G) — 1. (Note that (G — v) < y(G) — 1 &
y(G — v) = y(G) — 1.) In particular, we agree that the single vertex of a trivial graph is critical.

Definition 1.4. An edge incident with a vertex of degree one in G is called a pendant edge of G.

1.2. Background and the main result of this paper

The bondage number of a graph was coined by Fink, Jacobson, Kinch and Roberts [5], which is a parameter to measure
the vulnerability of a communication network under link failure. Hu and Xu [9] showed that the problem of determining the
bondage number of a general graph is NP-hard. For a thorough study on the advances of bondage, readers are suggested to
refer to a survey [15].

Product graphs are one kind of important networks. A large network can be constructed by the product of several small
graphs. On the study of the bondage number of the product graphs, the authors mainly focus on the Cartesian product graphs.
For example, b(K,OK,) for n > 3[7,13], b(C,0P,) for n > 3 [4], b(C,0C3) for n > 4[12], b(C,0Cy4) for n > 4 [10], b(C,0Cs)
forn # 3 (mod 5) and n > 5 [2], b(P,0P,), b(P,OP3) and b(P,0P4) for n > 2 [8] have been determined.

Recently, the authors begin to study the bondage number of the strong product graphs. Dettlaff, Lemariska and Yero [3]
obtained the value of b(P,, X P,) for m, n # 1(mod 3). Zhao and Zhang [ 19] determined the complete result of the value of
b(P, ® P,) by using a different method. They also got the value of b(K;;, X P,) and some upper bounds of the strong product
of a graph and a tree under different conditions in [20] and [ 18], respectively.

In this paper, we obtain the bondage number of the strong product of two trees. Before our introduction, we need to
define some sets of nontrivial trees. For the bondage of trees, we have the following two theorems.

Proposition 1.5 ([14]). Let T be a nontrivial tree. If u is universal, then there exists a nongenuine bondage-edge uv of T.

Proposition 1.6 ([1,5]). If T is a nontrivial tree, then b(T) < 2.

From Propositions 1.5 and 1.6, we know that: for a nontrivial tree T, b(T) is equal to 1 or 2,and b(T) = 1if T has a universal
vertex. Let 77 and .% denote the sets of nontrivial trees with bondage numbers 1 and 2, respectively. We partition .7; into two
classes: 7 and 7, and separate a subclass 7, from 7. We also partition 7 into two classes: Z* and 92’3 ,and separate a
subclass ,92“0 from .7;*. The definitions of .77, ,7100, y]bv Iy, ,72“0 and %ﬁ are listed as follows. (Remark: (i) the symbol P(T) is
defined as the set composed of all the pendant edges of T (ii) soty & P(T) means that soty & E(T) or soty € E(T) — P(T).) The
examples of these classes of trees are shown in Fig. 1.2, where we use “x” to label the bondage-edges and use black, gray
and white vertices to represent the universal, alterable and idle vertices, respectively.

78 ={TeZ | T has a universal vertex};

ylao = {Te7; | T has a vertex u such that all the elements of Ny(u) are idle in T};

LZ” = {Te.7 | T has no universal vertex};

Iy ={Te.7, | there exist sg, ty € V(T) such that sptg ¢ P(T) and {so, to} N D # @ for any DeMDS(T)};

?2"0 = {Te.% | there exist sg, ty € V(T) such that sotg & P(T), and Nr(so) N\D = @ or Nr(to) ND = @ forany D € MDS(T)};

92‘9 ={Te% |foranys,t € V(T)with st & P(T), there exists DoeMDS(T) such that {s, t} N Dy = #}.
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