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a b s t r a c t

In this paper, we deal with the problem of bisecting binomial coefficients. We find many
(previously unknown) infinite classes of integers which admit nontrivial bisections, and
a class with only trivial bisections. As a byproduct of this last construction, we show
conjecturesQ2 andQ4 of Cusick and Li (2005).We next find several bounds for the number
of nontrivial bisections and further compute (using a supercomputer) the exact number of
such bisections for n ≤ 51.

Published by Elsevier B.V.

1. Introduction

In the pursuit of constructing symmetric Boolean functions with various cryptographic properties (resilience, avalanche
features), Mitchell [19], Gopalakrishnan et al. [13], von zur Gathen and Roche [11], as well as Cusick and Li [6], among others,
study a seemingly ‘‘innocent’’ problem, namely the binomial coefficients bisection (BCB), which we shall describe below.

The connection between symmetric Boolean functions and binomial coefficients is rather immediate. Let Vn be an
n-dimensional vector space over the two-element field F2. A Boolean function f : Vn → F2 is symmetric if its output value
f (x) only depends upon the (Hamming) weight of its input, wt(x) (number of nonzero bits of x). Since there are

(n
w

)
vectors

x of weight wt(x) = w, then f is constant on each such set of vectors, and so, f can be ‘‘compressed’’ into an n + 1 vector
of values corresponding to each partition class of cardinality

(n
w

)
, 0 ≤ w ≤ n. Now, if one further imposes balancedness on

f (in addition to symmetry), that is its weight is wt(f ) = 2n−1, then it follows that one also has to have a two set partition
I, J , of these binomial coefficients

(n
w

)
so that the function f has value b ∈ {0, 1} on the vectors of weight in I and value b̄ on

vectors in J . Thus, we are prompted in studying these splitting (bisections) of binomial coefficients, and that is the subject of
this paper.

If
∑n

i=0δi
(n
i

)
= 0, δi ∈ {−1, 1}, then we call [δ0, . . . , δn] a solution of the (BCB) problem. So, the (BCB) problem consists in

finding all these solutions (the set of all solutions will be denoted by Jn) and in particular the number of all such solutions,
which we will be denoted by Jn. Certainly, for such a solution, letting I = {i | δi = 1} and J = {i | δi = −1} := I , we obtain
a bisection

∑
i∈I

(n
i

)
=
∑

i∈J

(n
i

)
= 2n−1. Conversely, having a bisection we can reconstruct the solution of (BCB), that it came

from, in the previous construction. So, in what follows we are going to use either one of the these descriptions of a solution
of the (BCB) problem.

By the binomial theorem
∑

i(−1)n
(n
i

)
= (1 − 1)n = 0, so ±[1, −1, 1, −1, . . .] is always a solution of (BCB), i.e., we have

at least two solutions for every n (Jn ≥ 2). We also observe (see also [6]) that if n is odd then

[δ0, . . . , δ(n−1)/2, −δ(n−1)/2, . . . ,−δ0]
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with δi ∈ {−1, 1} arbitrary chosen, give 2(n+1)/2 solutions (that include the ones we mentioned before, so J2n−1 ≥ 2n). These
are all called trivial solutions [6].

There are sporadic situations when nontrivial solutions do appear. For instance, when n ≡ 2 (mod 6), because of the
identity(

n
k

)
= 2

(
n

k − 1

)
=

(
n

k − 1

)
+

(
n

n − k + 1

)
,

where k =
n+1
3 being odd, nontrivial solutions appear by moving the above terms from the equality∑

i odd

(
n
i

)
=

∑
i even

(
n
i

)
,

from one side to the other. For example, if n = 8 we have

1 + 28 + 70 + 28 + 1 = 8 + 56 + 56 + 8 ⇒ 1 + 56 + 70 + 1 = 8 + 28 + 28 + 56 + 8.

This implies that [1, −1, −1, 1, 1, −1, −1, −1, 1] is a solution for (BCB) problem. Besides these types of examples, all
that is known about the bisection of binomial coefficients, are mostly computational results (see [6,11,13,19]).

2. A general approach and an upper bound

The well-known formula from trigonometry

cosα cosβ =
1
2
[cos(α + β) + cos(α − β)], α, β ∈ R,

can be generalized easily (by induction on the number of angles) in the followingway. For x1, x2, . . . , xm arbitrary real numbers,
we have

cos x1 cos x2 · · · cos xm =
1

2m−1

∑
cos(x1 ± x2 ± · · · ± xm),

where the sum is over all possible choices of signs +and −. This shows that the number of solutions (all possible choices of
signs) of the equation x1 ± x2 ± · · · ± xm = 0 (where xi’s are positive integers) is given by the formula

2m−1

2π

∫ π

−π

cos(x1t) cos(x2t) · · · cos(xmt)dt,

or, since the integrant is an even function,

2m−1

π

∫ π

0
cos(x1t) cos(x2t) · · · cos(xmt)dt.

Changing the variable, t = πs, we can apply this to the bisection of binomial coefficients, and immediately infer the next
formula for Jn.

Theorem 1. The number of binomial coefficients bisections for fixed n can be computed with the following formula

Jn = 2n+1
∫ 1

0

n∏
j=0

cos
(

π

(
n
j

)
s
)
d s. (1)

We certainly could have used the below result of Freiman [10] (see also [1,4,5,7]; seemingly, Drimbe [7] was unaware of
Freiman’s work), but we preferred our elementary approach. We mention it here, though, since we will need it later in the
paper.

Theorem 2. Let A = {a1, a2, . . . , aN} and b ≤
1
2

∑N
i=1ai. The number of Boolean solutions for the equation

N∑
i=1

aixi = b, xi ∈ {0, 1}

is precisely
∫ 1
0 e−2π ixb∏N

j=1

(
1 + e2π ixaj

)
d x.

Let us denote by ES(x1, x2, . . . , xm) the number of all solutions of the equation ±x1 ± x2 ± · · · ± xm = 0. As we have
shown, we have

ES(x1, x2, . . . , xm) =
2m

π

∫ π

0

m∏
j=1

cos
(
xjt
)
d t. (2)
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