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1. Introduction

Two-weight codes over fields have been studied since the seventies due to their connections to strongly regular graphs,
difference sets, and finite geometry [6,7]. More recently, two-weight codes over rings have received some attention [4,5].
In [12], by using trace codes, Shi et al. constructed an infinite family of two-Lee-weight codes over the classic chain ring
F, + uF, [2]. Moving to more complex rings, we consider in this paper two-Lee-weight codes over the non-chain ring
R = Fy+4ulF,+vF,+uvlF,. Linear and constacyclic codes over that ring have been extensively studied in [ 13,10], respectively.

In this paper, we construct a family of two-weight codes that are provably abelian but perhaps not cyclic. This
is noteworthy, as most constructions of two-weight codes in the literature are based on cyclic codes and cyclotomy
[3, Section 9.8.5]. Trace codes are considered here. Their coordinate places are indexed by the group of units of an algebraic
extension of R. Their weight distribution is determined by using exponential character sums. After Gray mapping, we obtain
an infinite family of binary abelian two-weight codes. These are shown to be optimal for given length and dimension by
application of the Griesmer bound [9]. However, they do not meet that bound with equality. An application to secret sharing
schemes is sketched out.

The material is organized as follows. Section 2 sets up the basic notations and definitions. Section 3 shows that the
codes and their binary images are abelian. Section 4 gives the main result in this paper, the Lee weight distribution of our
codes. Section 5 proves the optimality of their binary images. Section 6 determines the minimum distance of the dual codes.
Section 7 determines the support structure of binary images and describes an application to secret sharing schemes. Section 8
puts the obtained results into perspective, and makes some conjectures for future research.
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2. Background material

2.1. Rings

We consider the non-chain ring F, + uF, + vF, + uvF,, denoted by R, with u?> = v? = 0, uv = vu. Given a positive
integer m, we can construct the ring extension R = Fom + uFom + vFym + uvFom. There is a Frobenius operator F which
maps a + bu + cv + duv onto a® + b*u + c?v + d?uv. The Trace function, denoted by Tr is then defined as

m—1 )
Tr=Y F.
j=0
It is immediate to check that

Tr(a + bu + cv + duv) = tr(a) + tr(b)u + tr(c)v + tr(d)uv,

fora, b, c, d € Fom. Here tr() denotes the trace function from Fym to FFy.
Let M = {bu + cv + duv : b,c,d € Fm}. Obviously, for any m" € M, m’ is a non unit in R. The group of units in R,
denoted by R*,is {a + bu + cv 4 duv : a € F5,, b, ¢, d € Fom}. It is obvious that R* is not cyclicand R = R* U M.

2.2. Codes

A linear code C over R of length n is an R-submodule of R". For any x = (x1,X2,...,%,),Y = V1,¥2,...,¥n) € R", their
standard inner product is defined by (x, y) = Z?:l X;yi, where the operation is performed in R. The dual code of C is denoted
by C* and defined as C* = {y € R*|(x, y) = 0, Vx € C}.

We note that the Lee weight of an element a + bu + cv + duv € R was defined in [ 10] to be the Hamming weight of the
binary vector (d, c + d, b+ d, a + b + ¢ + d). This leads to the Gray map ¢ : R" — ]F‘z‘“:

¢@+bu+cv+duv) =(d,c+d,b+d,a+b+c+d),

where a, b, ¢, d € Fj. As was observed in [10], ¢ is a distance preserving isometry from (R", d;) to (IF‘Z‘”, dy), where d; and
dy denote the Lee and Hamming distance in R" and ]F‘z‘”, respectively. This means if C is a linear code over R with parameters
(n, 2%, d), then ¢(C) is a binary linear code of parameters [4n, k, d].

Given a finite abelian group G, a code over R is said to be abelian if it is an ideal of the group ring R[G]. In other words the
coordinates of C are indexed by elements of G and G acts regularly on this set. In the special case when G is cyclic, the code
is a cyclic code in the usual sense [11].

3. Symmetry

For a € R, define the vector Ev(a) by the following evaluation map Ev(a) = (Tr(ax))xes+. Define the code C, by the
formula C;, = {Ev(a)|a € R}.

Proposition 3.1. The group of units R* acts regularly on the coordinates of Cp,.

Proof. For any v, u’ € R*, the change of variables x — (u’/v")x permutes the coordinates of C,;, and maps v’ to v’. Such a
permutation is unique, given v’, u’.

The code G, is thus an abelian code with respect to the group R*. In other words, it is an ideal of the group ring R[R*]. As
observed in the previous section, R* is not a cyclic group, hence C,, may be not cyclic. The next result shows that its binary
image is also abelian.

Proposition 3.2. A finite group of size 4| R*| acts regularly on the coordinates of ¢(Cp,).

Proof. By the definition of the Gray map, ¢(a@a + bu + cv + duv) = (d,c +d,b + d,a + b + ¢ + d), where
a, b, ¢, d denote binary vectors. Now if a 4+ bu 4+ cv + duv € G, by linearity (1 4+ u)(a + bu + cv + duv) =
a+@+but+cv+ (c+duv € Cp,(1+v)@+bu+cv+duv) = a+bu+ @+ v+ (b+ duv € Cyp
and 1+ u+v+uw@+bu+cv+duv) = a+@+bu+@+cv+ (@+b+c+ duv € Gy Further
¢(a+(a+b)utcv+(c+d)uv) = (c+d, d, a+b+c+d, b+d), ¢ (a+bu+(a+c)v+(b+d)uv) = (b+d, a+b+c+d, d, c+d),
andg(@+ @+bu+@+cv+@+b+c+duv)=(@+b+c+d,b+d, c+d,d),sothat ¢(Cp) is invariant under
an involution that permutes the four parts of a codeword. Thus, ¢(Cy,) is invariant under the regular action of R*.

4. The Lee weight enumerator of C;,

In order to determine the Lee weight of the codewords of the code G, we first recall the following classic lemmas.
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