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a b s t r a c t

In this paper, we consider the following question, which stands as a directed analogue of
the well-known 1-2-3 Conjecture: Given any digraph D with no arc −→uv verifying d+(u) =

d−(v) = 1, is it possible to weight the arcs of D with weights among {1, 2, 3} so that, for
every arc −→uv of D, the sum of incident weights out-going from u is different from the sum
of incident weights in-coming to v?We answer positively to this question, and investigate
digraphs for which even the weights among {1, 2} are sufficient. In relation with the so-
called 1-2 Conjecture, we also consider a total version of the problem, which we prove to
be false. Our investigations turn to have interesting relations with open questions related
to the 1-2-3 Conjecture.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

We here focus on vertex-distinguishing weightings, a graph theory notion that attracted more and more attention in the
last decade. Basically, given an undirected graph G, the goal is to weight some elements of G so that some well-identified
vertices of G get distinguished relatively to some aggregate computed from the weighting. As emphasized in the previous
sentence, such problems of correctly weighting a graph are hence made of three main parameters. For any of these variants,
the main goal is, given a graph, to deduce the smallest number of consecutive weights 1, . . . , k necessary to obtain a correct
distinguishing weighting.

In this paper, we focus on those such problems where edges (among maybe other elements) have to be weighted, and
the distinguishing aggregate is the sum of weights incident to the vertices. More formally, given an edge-weighting w of
some graph G, for every vertex v one may compute1

σw(v) :=


u∈N(v)

w(vu),
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that is, the sum of the weights incident to v. In case w is a total-weighting, every vertex v also has its own weight, which
must be involved when computing σw(v), that is

σw(v) := w(v) +


u∈N(v)

w(vu)

in such a situation. In the setting where σw is the distinguishing parameter, three main notions have been studied in the
literature:

(1) If edge-weightings are considered and all vertices of G must be distinguished by σ , the least number of necessary
consecutive edge weights is denoted s(G) (and is called the irregularity strength of G in the literature).

(2) If edge-weightings are considered and only the adjacent vertices ofGmust be distinguished, the least number of necessary
consecutive weights is denoted χ e

Σ (G).
(3) If total-weightings are considered and only the adjacent vertices ofGmust be distinguished, the least number of necessary

consecutive weights is denoted χ t
Σ (G).

As we only focus on Items (2) and (3) (that is, on sum-colouring edge-weighting and sum-colouring total-weighting) in this
paper, we will below recall some of their associated backgrounds. For more general details on this wide area (and on the
upcoming introductory details), we refer the interested reader to the recent survey by Seamone on this topic [13].

The parameter χ e
Σ is related to the well-known 1-2-3 Conjecture raised by Karoński, Łuczak and Thomason [9], which

reads as follows (where a nice graph refers to a graph with no component isomorphic to K2).

1-2-3 Conjecture (Karoński, Łuczak, Thomason [9]). For every nice graph G, we have χ e
Σ (G) ≤ 3.

Several constant upper bounds on χ e
Σ were given towards the 1-2-3 Conjecture, the best one of which being due to

Kalkowski, Karoński and Pfender, who proved that χ e
Σ (G) ≤ 5 whenever G is nice [8]. Concerning the parameter χ t

Σ , the
following so-called 1-2 Conjecturewas raised by Przybyło and Woźniak [12].

1-2 Conjecture (Przybyło, Woźniak [12]). For every graph G, we have χ t
Σ (G) ≤ 2.

Towards the 1-2 Conjecture, the best known result so far is due to Kalkowski [7], who proved that every graph G verifies
χ t

Σ (G) ≤ 3.
There have been a few attempts for bringing the 1-2-3 and 1-2 Conjectures to directed graphs, see e.g. [1,3,5,10]. Most

of all these different directed versions of the 1-2-3 and 1-2 Conjectures were shown to hold, even under strong additional
constraints such as list requirements. This results from the fact that these versions, though seemingly close to the 1-2-3
and 1-2 Conjectures in essence, were based on several behaviours that are not so comparable to the ones we have to deal
with when considering the original conjectures. Notably, the definitions of some of these versionsmake the use of induction
arguments possible, while such are generally not applicable in the undirected context. This makes us wonder what should
be the directed analogues to the 1-2-3 and 1-2 Conjectures that would mimic their behaviours and inherent hardness the
best, while fitting to the particularities of the directed context.

In that spirit, we introduce and study new directed analogues of the 1-2-3 and 1-2 Conjectures. Our directed analogue of
the 1-2-3 Conjecture is introduced in Section 2, while our analogue of the 1-2 Conjecture is studied in Section 3. We more
precisely show our directed analogue of the 1-2-3 Conjecture to be equivalent to solved cases of the 1-2-3 Conjecture,
hence giving a positive answer to a question addressed by Łuczak [11]. Using that equivalence, we point out that our
directed analogue of the 1-2 Conjecture, though true in specific contexts, is false in general. Unexpected implications of
our investigations on the 1-2-3 Conjecture are discussed in Section 4.

2. A Directed 1-2-3 Conjecture

Let D be a simple digraph, and w be an arc-weighting of D. For every vertex v, one can compute two sums incident to v,
namely

σ−

w (v) :=


u∈N−(v)

w(
−→uv),

i.e. the incident in-coming sum, and

σ+

w (v) :=


u∈N+(v)

w(
−→
vu),

i.e. the incident out-going sum. We call w sum-colouring if, for every arc −→uv of D, we have

σ+

w (u) ≠ σ−

w (v).

The least number of weights in a sum-colouring k-arc-weighting (if any) of D is denoted χ e
Ł (D).
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