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1. Introduction

Let G be a finite and simple graph with vertex set V = V(G) and edge set E = E(G). Then the order and size of G are
n = |V| and m = |E|, respectively. The degree of a vertex u € V is the number of edges incident to u in G, denoted by
deg(u) = deg(u). The minimum value of these numbers is the minimum degree of G, denoted by § = §(G). We write K, for
the complete graph of order n. An edge-cut of a connected graph G is a set of edges whose removal disconnects G. The edge
connectivity A = A(G) of a connected graph G is defined as the minimum cardinality of an edge-cut over all edge-cuts of G.
An edge-cut S is a minimum edge-cut or a A-cut if |S| = A(G). The inequality A(G) < §(G) is immediate. We call a connected
graph maximally edge-connected, if A(G) = §(G). Sufficient conditions for graphs to be maximally edge-connected were
given by several authors, see for example the survey paper by Hellwig and Volkmann [11].

In this paper, we are concerned with the zeroth-order general Randic index which is defined for a connected graph G of
order n > 2 by

RS(G) =) deg” (u),
ueV
where « is a real number. In 2005, Li and Zheng [15] proposed this index and named it the first general Zagreb index, we
encourage the interested reader to consult [8,7] for more information. But nowadays, most authors refer to it as the zeroth-
order general Randi¢ index. At this point it is worth mentioning that Rg and R(io.s correspond to the first Zagreb index,
introduced by Gutman and co-workers [10,9], and the zeroth-order Randi¢ index, defined by Kier and Hall [ 14], respectively.
Some nice results on the zeroth-order general Randi¢ index can be found, for example in [1,12,13]. The special case @ = —1
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is the known inverse degree of graphs. The inverse degree first attracted attention through conjectures of the computer
program Graffiti [6]. It has since been studied by several authors, see for example [3,5]. In [2], the authors present sufficient
conditions for connected graphs to be maximally edge-connected in terms of the inverse degree, the order and the minimum
degree.

Inspired by the results in [2], we give in this paper sufficient conditions for connected graphs (resp. connected triangle-
free graphs) to be maximally edge-connected in terms of the zeroth-order general Randi¢ index, the order and the minimum
degree when o € (—00,0) or € (1, 2] (resp. ¢ € [—1,0) U (1, 2]). Examples will show that these conditions are best
possible. Similar results for « € (0, 1) and @ € (—o0, —1] can be found in [17,18].

2. Preliminary lemmas

To obtain our main results, we first give some lemmas as necessary preliminaries. The first one is easy to prove and can
be found in [16].

Lemma 2.1 ([16]).If x; — 2 > x, > 1, then

A =D+ G+ D% <xi+x5ifa€(—00,0)0ra € (1,+00);

(i) % =D+ 2+ D* >xF +x5if e € (0, 1).

Lemma2.2. et « < O be a real number, and let X1, X;,...,x, and A be positive reals such that Zle X; < A, then
?:1 x> p'=®A%.If in addition x1, X2, . . ., Xp, A are positive integers, and a, b are integers withA = ap +band0 < b < p,

then Y F_, x* > (p — b)a® + b(a + 1)*.

Proof. The first part follows by applying Jensen’s Inequality. In the following we only give the proof of the rest part. Let

X1, X, ..., X, and A be positive integers with 7, x; < A. We assume that {X;, x, . . ., x,} are chosen such that 3P xis
minimum. If none pair of elements in {x, x5, ..., x;,} differ by more than 1, then p — b of the x] equal a and the remaining
b of the x; equal a + 1, and the inequality follows. So assume that two elements of {X}, x;, ..., x,}, say X} and x5, differ by

more than 1. Without loss of generality, we assume that x; > x}.Lety; = x| — 1,y, = X}, + 1and y; = x| fori > 3. Then
by Lemma 2.1(i), we have

p p
Dy =Y K = = DT+ + DY = (XD — () <0,
i=1 i=1

which contradicts the choice of the {x}, x5, ..., x;}. This implies the desired result. W

The next lemma follows from the definition of convex functions and can be found in [2].

Lemma 2.3 ([2]). Let ®(x) be a convex function on an interval [L,R]. If I, € [L,R]and |+ r = L + R, then ®(L) + ®(R) >
D) + (r).

Lemma 2.4 ([20]). Let X1, X, ..., X, < t be positive reals such that ZL Xx; = s < 2t. If f(x) is a strictly convex function on
0, 1), thenF(%, % R %) <F(x1,%,...,%,) <F(t,s—t,0,...,0), where F(x1, X, ..., Xp) = Z?:If(xi).

A complete r-partite graph, denoted by Ky, ,.....n, is @ graph whose vertices can be partitioned into r(>2) sets so that
each pair of vertices are connected by an edge if and only if they belong to different sets of the partition.

The Turdn graph T, is the complete r-partite graph with b partite sets of size a+ 1 and r — b partite sets of size a, where
a=|?]andb=n—ra

The following is a famous result due to Turan [19].

Lemma 2.5 ([19]). (i) Among all the n-vertex graphs with no (r + 1)-clique, T, , has the maximum number of edges.
os 2
(i) [E(To)l < [(1=1) -2 .
For two subsets X and Y of V, let [X, Y] be the set of edges with one endpoint in X and the other one in Y, and |[X, Y]|

denotes the cardinality of [X, Y].
The following lemma was proved by Dankelmann and Volkmann in [4].

Lemma 2.6 ([4]). Let G be a connected graph. If there exist two disjoint, nonempty sets X, Y C V(G) withX UY = V(G) and
[[X,Y]| <4, then |X| >384+ 1and|Y| >4+ 1.

Lemma 2.7. Let x and « be real numbers. Then
(i) ¥+ X+ ) < (x+ D¥ + (x — 5)* for & € (—00, 0] or € [1, 400).

(i) x* + (x + iw > X+ D+ (x— g)”foroz € (0, 1.

Proof. Letf(t) =t* — (t — %)“. It is easy to see that f'(t) > Ofora € (—o0, 0] or @ € [1, +00), and so f (t) is increasing.

Hence, f(x + 1) > f(x), consequently, (x + 1)* — (x + %)"‘ >x*—(x— %)". This completes the proof of (i). Since the proof
of (ii) is analogous to that of (i), we omit the details here. ®
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