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a b s t r a c t

We investigate the relationship between the eigenvalues of a graph G and fractional
spanning tree packing and coverings of G. Let ω(G) denote the number of components of a
graph G. The strength η(G) and the fractional arboricity γ (G) are defined by

η(G) = min
|X |

ω(G − X) − ω(G)
, and γ (G) = max

|E(H)|

|V (H)| − 1
,

where the optima are taken over all edge subsets X whenever the denominator is non-zero.
The well known spanning tree packing theorem by Nash-Williams and Tutte indicates that
a graph G has k edge-disjoint spanning tree if and only if η(G) ≥ k; and Nash-Williams
proved that a graph G can be covered by at most k forests if and only if γ (G) ≤ k. Let λi(G)
(µi(G), qi(G), respectively) denote the ith largest adjacency (Laplacian, signless Laplacian,
respectively) eigenvalue of G. In this paper, we prove the following.

(1) Let G be a graph with δ ≥ 2s/t . Then η(G) ≥ s/t if µn−1(G) > 2s−1
t(δ+1) , or if

λ2(G) < δ −
2s−1
t(δ+1) , or if q2(G) < 2δ −

2s−1
t(δ+1) .

(2) Suppose that G is a graph with nonincreasing degree sequence d1, d2, . . . , dn and

n ≥ ⌊
2s
t ⌋ + 1. Let β =

2s
t −

1
⌊
2s
t ⌋+1

⌊
2s
t ⌋+1

i=1 di. Then γ (G) ≤ s/t , if β ≥ 1, or if 0 < β < 1,

n > ⌊2s/t⌋ + 1 +
2s−2
tβ and

µn−1(G) >
n(2s/t − 2/t − β(⌊2s/t⌋ + 1))
(⌊2s/t⌋ + 1)(n − ⌊2s/t⌋ − 1)

.

Our result proves a stronger version of a conjecture by Cioabă andWong on the relationship
between eigenvalues and spanning tree packing, and sharpens former results in this area.
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1. Introduction

In this paper, we consider finite undirected simple graphs. Throughout the paper, k, s, t denote positive integers and G
denotes a simple graph. We follow the notations of Bondy and Murty [1], unless otherwise defined. However, we use ω(G)
to denote the number of components of G, which differs from [1].

Let G be an undirected simple graph with vertex set {v1, v2, . . . , vn}. The adjacency matrix of G is an n by nmatrix A(G)
with entry aij = 1 if there is an edge between vi and vj and aij = 0 otherwise, for 1 ≤ i, j ≤ n. We use λi(G) to denote the ith
largest eigenvalue of G; when the graph G is understood from the context, we often use λi for λi(G). With these notations,
we always have λ1 ≥ λ2 ≥ · · · ≥ λn. Let D(G) = (dij) be the degree matrix of G, that is, the n by n diagonal matrix with dii
being the degree of vertex vi in G for 1 ≤ i ≤ n. Thematrices L(G) = D(G)−A(G) and Q (G) = D(G)+A(G) are the Laplacian
matrix and the signless Laplacian matrix of G, respectively. We use µi(G) and qi(G) to denote the ith largest eigenvalue
of L(G) and Q (G), respectively. It is not difficult to see that µn(G) = 0. The second smallest eigenvalue of L(G), µn−1(G), is
known as the algebraic connectivity of G.

For a connected graph G, the spanning tree packing number, denoted by τ(G), is themaximumnumber of edge-disjoint
spanning trees in G. The arboricity a(G) is the minimum number of edge-disjoint forests whose union equals E(G).
Fundamental theorems characterizing graphs G with τ(G) ≥ k and with a(G) ≤ k have been obtained by Nash-Williams
and Tutte, and by Nash-Williams, respectively.

Theorem 1.1. Let G be a connected graph with E(G) ≠ ∅. Each of the following holds.

(i) (Nash-Williams [12] and Tutte [15]). τ(G) ≥ k if and only if for any X ⊆ E(G), |X | ≥ k(ω(G − X) − 1).

(ii) (Nash-Williams [13]). a(G) ≤ k if and only if for any subgraph H of G, |E(H)| ≤ k(|V (H)| − 1).

Following the terminology in [3,14], we define the strength η(G) and the fractional arboricity γ (G) of a graph G
respectively by

η(G) = min
|X |

ω(G − X) − ω(G)
, and γ (G) = max

|E(H)|

|V (H)| − 1
,

where the optima are taken over all edge subsets X whenever the denominator is non-zero. Theorem 1.1 indicates that for
a connected graph G, τ(G) ≥ k if and only if η(G) ≥ k, and, a(G) ≤ k if and only if γ (G) ≤ k. Since η(G) and γ (G) are
possibly fractional, we have τ(G) = ⌊η(G)⌋ and a(G) = ⌈γ (G)⌉. Thus, η(G) is also referred to as the fractional spanning
tree packing number of G.

Cioabă andWong [4] investigated the relationship between the second largest adjacency eigenvalue and τ(G) for a regular
graph G, and made Conjecture 1.1(i). Utilizing Theorem 1.1, Cioabă and Wong proved Conjecture 1.1(i) for k ∈ {2, 3}.

Conjecture 1.1(i) was then extended to Conjecture 1.1(ii) for any simple graph G (not necessarily regular). See [5–7,9,11]
for the conjecture and some partial results. Recently, Conjecture 1.1 was settled in [10].

Conjecture 1.1. (i) ([4]) Let k and d be two integers with d ≥ 2k ≥ 4. If G is a d-regular graph with λ2(G) < d −
2k−1
d+1 , then

τ(G) ≥ k.

(ii) ([5,7,9,11]) Let k be an integer with k ≥ 2 and G be a graph with minimum degree δ ≥ 2k. If λ2(G) < δ −
2k−1
δ+1 , then

τ(G) ≥ k.

Motivated by the above conjecture and the corresponding results, we investigate the relationship between η(G) and
eigenvalues of G. We also consider the relationship between the fractional arboricity γ (G) and algebraic connectivity
µn−1(G). Theorems 1.2 and 1.3 are the main results.

Theorem 1.2. Let G be a graph with δ ≥ 2s/t.

(i) If µn−1(G) > 2s−1
t(δ+1) , then η(G) ≥ s/t.

(ii) If λ2(G) < δ −
2s−1
t(δ+1) , then η(G) ≥ s/t.

(iii) If q2(G) < 2δ −
2s−1
t(δ+1) , then η(G) ≥ s/t.

Remark 1. Theorem 1.2 indicates that, for a graph G with δ ≥ 2k, if µn−1(G) > 2k−1
δ+1 , or λ2(G) < δ −

2k−1
δ+1 , or

q2(G) < 2δ −
2k−1
δ+1 , then τ(G) ≥ k. This was proved in [10] and settled Conjecture 1.1.

Theorem 1.3. Suppose that G is a graph with nonincreasing degree sequence d1, d2, . . . , dn and n ≥ ⌊
2s
t ⌋ + 1. Let β =

2s
t −

1
⌊
2s
t ⌋+1

⌊
2s
t ⌋+1

i=1 di.
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