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a b s t r a c t

A closed string is a string with a proper substring that occurs in the string as a prefix and
a suffix, but not elsewhere. Closed strings were introduced by Fici (2011) as objects of
combinatorial interest in the study of Trapezoidal and Sturmian words. In this paper we
present algorithms for computing closed factors (substrings) in strings. First, we consider
the problem of greedily factorizing a string into a sequence of longest closed factors. We
describe an algorithm for this problem that uses linear time and space. We then consider
the related problem of computing, for every position in the string, the longest closed fac-
tor starting at that position. We describe a simple algorithm for the problem that runs in
O(n log n/ log log n) time, where n is the length of the string. This also leads to an algorithm
to compute the maximal closed factor containing (i.e. covering) each position in the string
in O(n log n/ log log n) time. We also present linear time algorithms to factorize a string
into a sequence of shortest closed factors of length at least two, to compute the shortest
closed factor of length at least two starting at each position of the string, and to compute a
minimal closed factor of length at least two containing each position of the string.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

A closed string is a stringwith a proper substring that occurs as a prefix and a suffix but not elsewhere in the string. Closed
stringswere introduced by Fici [5] as objects of combinatorial interest in the study of Trapezoidal and Sturmianwords. Since
then, Badkobeh, Fici, and Lipták [2] have proved a tight lowerbound for the number of closed factors (substrings) in strings
of given length and alphabet size.

In this paper we initiate the study of algorithms for computing closed factors. In particular we consider the following
algorithmic problems.
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Longest closed factorization problem This problem is to factorize a given string into a sequence of longest closed factors
(we give a formal definition of the problem below, in Section 2). We describe an algorithm for this problem that
uses O(n) time and space, where n is the length of the given string.

Longest closed factor array problem This problem requires us to compute the length of the longest closed factor starting
at each position in the input string. We show that this problem can be solved in O(n log n

log log n ) time with O(n) space,
using techniques from computational geometry.

Maximal closed factor array problem This problem asks us to compute the length of a longest closed factor containing
(i.e. covering) each position in the input string. We show that this problem can also be solved in O(n log n

log log n ) time
with O(n) space.

Shortest closed factorization problem This is the problem of factorizing a given string into a sequence of shortest closed
factors of length at least two. We show this can be solved in O(n) time and O(σ ) space, where σ is the alphabet
size.

Shortest closed factor array problem This problem requires us to compute the length of the shortest closed factor of
length at least two starting at each position in the input string. We solve this problem in O(n) time and space.

Minimal closed factor array problem This problem asks us to compute, for each position in the input string, the length
of the shortest closed factor of length at least two containing the position. We present an O(n)-time and space
algorithm for this problem.

This paper proceeds as follows. In the Section 2 we set notation, define the problems more formally, and outline basic
data structures and concepts. Section 3 describes an efficient solution to the longest closed factorization problem and
Section 4 then considers the longest closed factor array and themaximal closed factor array. In Section 5,we present efficient
algorithms for computing the shortest closed factorization, the shortest closed factor array, and the minimal closed factor
array. Reflections and outlook are offered in Section 6.

Some of these results appeared in a preliminary version of this paper [1].

2. Preliminaries

2.1. Strings and closed factorization

Let Σ denote a fixed alphabet of |Σ | distinct letters (or characters). An element of Σ∗ is called a string. For any strings
W,X,Y, Z such that W = XYZ, the strings X,Y, Z are respectively called a prefix, substring, and suffix of W. The length of a
string Xwill be denoted by |X|. Let ε denote the empty string of length 0, i.e., |ε| = 0. For any non-negative integer n, X[1, n]
denotes a string X of length n. A prefix X of a stringWwith |X| < |W| is called a proper prefix ofW. Similarly, a suffix Z ofW
with |Z| < |W| is called a proper suffix of W. For any string X and integer 1 ≤ i ≤ |X|, let X[i] denote the ith character of X,
and for any integers 1 ≤ i ≤ j ≤ |X|, let X[i..j] denote the substring of X that starts at position i and ends at position j. For
convenience, let X[i..j] be the empty string if j < i. For any strings X and Y, if Y = X[i..j], then we say that i is an occurrence
of Y in X.

If a non-empty string X is both a proper prefix and suffix of string W, then, X is called a border of W. A string W is said
to be closed, if there exists a border X of W that occurs exactly twice in W, i.e., X = W[1..|X|] = W[|W| − |X| + 1..|W|] and
X ≠ W[i..i + |X| − 1] for any 2 ≤ i ≤ |W| − |X|. We define a single character C ∈ Σ to be closed, assuming that the empty
string ε occurs exactly twice in C. A string X is a closed factor of W, if X is closed and is a substring of W. Throughout we
consider a string X[1..n] on Σ . We define the longest closed factorization of string X[1..n] as follows.

Definition 1 (Longest Closed Factorization). The longest closed factorization of string X[1..n], denoted LCF(X), is a sequence
(G0,G1, . . . ,Gk) of strings such that G0 = ε, X[1, n] = G0G1 · · ·Gk and, for each 1 ≤ j ≤ k, Gj is the longest prefix of
X[|G0 · · ·Gj−1| + 1..n] that is closed.

Example 1. For string X = ababaacbbbcbcc, LCF(X) = (ε, ababa, a, cbbbcb, cc).

We remark that a closed factor Gj in an LCF is a single character if and only if |G1 · · ·Gj−1| + 1 is the rightmost (last)
occurrence of character X[|G1 · · ·Gj−1| + 1] in X.

We also define the longest closed factor array of string X[1..n].

Definition 2 (Longest Closed Factor Array). The longest closed factor array of string X[1..n] is an array LNG[1..n] of integers
such that for any 1 ≤ i ≤ n, LNG[i] = ℓ if and only if ℓ is the length of the longest prefix of X[i..n] that is closed.

Example 2. For string X = ababaacbbbcbcc, LNG = [5, 4, 3, 5, 2, 1, 6, 3, 2, 4, 3, 1, 2, 1].

Clearly, given the longest closed factor array LNG[1..n] of string X, LCF(X) can be computed in O(n) time. However, the
algorithmwe describe in Section 4 to compute LNG[1..n] requires O(n log n

log log n ) time, and so using it to compute LCF(X)would

also take O(n log n
log log n ) time overall. In Section 3 we present an optimal O(n)-time algorithm to compute LCF(X) that does not

require LNG[1..n].
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