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A disjoint path cover of a graph is a set of pairwise vertex-disjoint paths that altogether 
cover every vertex of the graph. In this paper, we prove that given k sources, s1, . . ., sk , 
in an m-dimensional restricted hypercube-like graph with a set F of faults (vertices and/or 
edges), associated with k positive integers, l1, . . ., lk , whose sum is equal to the number of 
fault-free vertices, there exists a disjoint path cover composed of k fault-free paths, each of 
whose paths starts at si and contains li vertices for i ∈ {1, . . . , k}, provided |F | + k ≤ m − 1. 
The bound, m − 1, on |F | + k is the best possible.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

One of the central issues in the study of interconnection networks is the detection of parallel paths, which is natu-
rally related to routing among nodes and fault tolerance of the network [18,28]. An interconnection network is frequently 
modeled as a graph, where vertices and edges represent the nodes and communication links of the network, respectively. 
Parallel paths correspond to pairwise disjoint paths of the graph. Disjoint path is, moreover, a fundamental notion from 
which many graph properties can be deduced [3,28].

A Disjoint Path Cover (DPC for short) of a graph is a set of pairwise disjoint paths that altogether cover every vertex of the 
graph. The disjoint path cover problem has applications in many areas such as software testing, database design, and code 
optimization [2,31]. In addition, the problem is concerned with applications where the full utilization of network nodes 
is important [37]. The disjoint path covers, with or without additional constraints on the paths, have been the subject of 
research for several decades. They can be categorized as several types, as discussed in the following, according to whether 
the terminals (sources and sinks) or the lengths of paths are prescribed or not. A path runs from its source to its sink.

Unconstrained DPCs. No prescribed terminals or lengths of paths are given in this type. The problem is to determine 
a disjoint path cover of a graph that uses the minimum number of paths. Fig. 1(a) shows an example of unconstrained 
DPCs. The minimum number is called the path cover number of the graph. Obviously, the path cover number of a graph is 
equal to one if and only if the graph contains a Hamiltonian path. Every hypercube-like graph [43] has a Hamiltonian path, 
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Fig. 1. Three types of disjoint path covers.

and thus its path cover number is one. For more discussion on the disjoint path covers of this type, refer to, for example, 
[1,19,27,31,42].

DPCs with prescribed sources and sinks. Given pairwise disjoint terminal sets S = {s1, . . . , sk} and T = {t1, . . . , tk} of a 
graph, each representing k sources and sinks, the many-to-many k-DPC is a disjoint path cover each of whose paths joins 
a pair of source and sink. An example is shown in Fig. 1(b). There are two simpler variants: The one-to-many k-DPC for 
S = {s} and T = {t1, . . . , tk} is a disjoint path cover made of k paths, each joining a pair of source s and sink ti , i ∈ {1, . . . , k}. 
The one-to-one k-DPC for S = {s} and T = {t} is a disjoint path cover in which each path joins an identical pair of source s
and sink t . The disjoint path covers of this type have been studied for graphs such as hypercubes [5,6,9,10,16,21], recursive 
circulants [22,23], hypercube-like graphs [20,24,25,37,38], cubes of connected graphs [34], k-ary n-cubes [40,46], grid graphs 
[35], unit interval graphs [32], simple graphs [26], and DCell networks [44].

DPCs with prescribed sources and path lengths. Consider a given set of k sources, S = {s1, . . . , sk}, in a graph G , associated 
with k positive integers, l1, . . ., lk , such that 

∑k
i=1 li = |V (G)|, where V (G) denotes the vertex set of G . A prescribed-source-

and-length k-DPC of G is a disjoint path cover composed of k paths, each of which is an si -path of length li for i ∈ {1, . . . , k}, 
where si-path is a path starting at source si . See Fig. 1(c) for an example. Here, the length of a path refers to the number of 
vertices in the path. This type of disjoint path covers will be mainly discussed in this paper. From now on, a disjoint path 
cover whose type is not specified is assumed to be a prescribed-source-and-length type.

The problem of determining whether there exists a k-DPC in a general graph is NP-complete for any fixed k ≥ 1, which 
can be reduced from the well-known HAMILTONIAN PATH problem in [15]. Research on prescribed-source-and-length type 
is relatively scarce, although some results for hypercubes can be found in [7,30]. Nebeský [30] proved that there exists 
a k-DPC in an m-dimensional hypercube, m ≥ 4, for any set of k sources, S = {s1, . . . , sk}, associated with k positive even
integers, l1, . . ., lk , whose sum is equal to 2m , subject to k ≤ m − 1. More general results established by Choudum et al. can 
be found in [7].

In this paper, we study the disjoint path cover problem for the class of Restricted Hypercube-Like graphs (RHL graphs 
for short) [36], which are a subset of nonbipartite hypercube-like graphs that have received considerable attention over 
recent decades. The class includes most nonbipartite hypercube-like networks found in the literature; for example, twisted 
cubes [17], crossed cubes [12], Möbius cubes [8], recursive circulants G(2m, 4) with odd m [33], multiply twisted cubes [11], 
Mcubes [41], and generalized twisted cubes [4]. The definition of RHL graphs is deferred to the next section (Definition 4). 
An m-dimensional RHL graph has 2m vertices of degree m.

As node and/or link failure is inevitable in a large network, fault tolerance is essential to the network performance. 
Throughout this paper, let F denote a set of faults (vertices and/or edges) corresponding to the set of node and/or link 
failures. When a graph contains faulty elements, its k-disjoint path cover naturally means a k-disjoint path cover of the 
graph, G \ F , with the faults deleted.

Definition 1. A graph G is called k-path partitionable if G has a k-DPC for any set of k sources, s1, . . ., sk , associated with 
any k positive integers, l1, . . ., lk , such that 

∑k
i=1 li = |V (G)|. A graph G is said to be fb-fault k-path partitionable if G \ F is 

k-path partitionable for any fault set F with |F | ≤ fb .

Our main result on the construction of disjoint path covers in RHL graphs can be stated as follows:

Theorem 1. Every m-dimensional RHL graph is fb-fault k-path partitionable for any fb ≥ 0 and k ≥ 1 subject to fb + k ≤ m − 1, 
where m ≥ 3.

Note that the bound, m − 1, on fb + k in Theorem 1 is the maximum possible. (Suppose otherwise, no m-dimensional 
RHL graph would have a k-DPC when, for some vertex v ∈ V (G) \ (S ∪ F ), its m − k neighbors are vertex faults whereas its 
remaining k neighbors are sources, s1 through sk , with li �= 2 for all i.)
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