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recent result is that the filter minimization problem—Given a filter, find the smallest equiv-
alent filter—is NP-hard. This paper extends that result along several dimensions, including
hardness proofs for some natural special cases and for approximation, and new results an-
alyzing the only known algorithm for this problem. We show that this problem is not

Keywords:

Combinatorial filters fixed-parameter tractable for any of the obvious parameters, but it is fixed-parameter
Reduction tractable for a certain combination of new parameters.
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1. Introduction

This paper continues the thread of research initiated by LaValle [1,2] concerning combinatorial filtering. The idea is to
model systems (such as robots or sensor networks) that must process and draw conclusions from a sequence of discrete
sensor readings.

Fig. 1 shows a well-known example. In this environment, with two moving agents and three beams sensors, the task
is to determine whether both agents are in the same region at each time. A naive solution requires considering 2° = 512
possible states to solve the task, but Tovar, Cohen, Bobadilla, Czarnowski and LaValle [3] described a (hand-crafted) optimal
combinatorial filter with just 4 states for this problem. See Fig. 1.

Part of the motivation for studying combinatorial filters can be understood by analogy to the probabilistic filters [5]
commonly used by roboticists. Though such filters must, in the general case, be able to represent arbitrarily complicated
probability densities, many systems behave in sufficiently structured ways that simpler representations can be used without
loss of accuracy. For example, in a linear system with Gaussian noise, the resulting density is simply a Gaussian whose
mean and covariance can be computed using the Kalman filter [6]. In the same way, optimized combinatorial filters can
be viewed as a specialization of the general class of nondeterministic filters [1], which reason about possible states of the
underlying system. If the number of states in such a filter can be reduced without altering the filter's behavior, then the
result can be useful for understanding the elements of structure underlying the problem.
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Fig. 1. (O’Kane and Shell [4]) [left] Two agents move through an environment having three beam sensors. [right] An optimal combinatorial filter reproduced
by O’Kane and Shell’s algorithm [4], for solving the task of whether the agents are in the same region at each time. The numbers 0, 1, and 2 denote the
regions, and the letters a, b, and c¢ denote observations of the three beam sensors. The shading of each state indicates the filter's output: red indicates that
the agents are in the same region and blue indicates that the agents are not in the same region. (For interpretation of the references to color in this figure,
the reader is referred to the web version of this article.)

A common feature of most of the early work on combinatorial filters is the need for human input to design and minimize
the filters. Hence, O’Kane and Shell [4] worked on an automated method for filter reduction. Specifically, they consider the
problem in which the input is a combinatorial filter expressed as a transition graph, and the goal is to produce the smallest
reduced filter, measured by the number of states, equivalent to the given filter. They proved that this filter minimization
problem is NP-hard and presented an efficient heuristic algorithm for it. This algorithm was able to reproduce the optimal
filter for the problem in Fig. 1, automatically.

In spite of this progress, there remain some open problems in this area.

1. The filter minimization problem so far has been proved NP-hard only in the general case. However, this result seems
very fragile, in the sense that there may exist some common special cases of it that are solvable efficiently.

2. In spite of the hardness of solving the problem optimally, there may still exist approximation algorithms, either for the
general problem or for special cases. That is, perhaps we can guarantee to find, in polynomial time, solution that is
within a factor o of optimal.

3. The only algorithm for this problem is presented by O’Kane and Shell. However, their analysis of the algorithm is
incomplete. In particular, they conjecture, but do not prove, that if a certain graph coloring subroutine in that algorithm
is performed optimally, then the resulting filter will also be optimally reduced.

4. Another way to attack this problem is to identify parameters that capture the difficulty of the problem, independent
of problem size. This kind of analysis arises from the field of parameterized complexity theory. At present, nothing is
known about which parameters govern the hardness of filter minimization.

The contribution of this paper is to provide some solutions for each of these four families of open problems.

1. We show that several natural special cases of the problem are also NP-hard. We also prove that a few special narrow
cases belong to P. Table 1 shows a brief preview of these results.

2. We show that the filter minimization problem is NP-hard to approximate, even for the hard special cases mentioned
above.

3. We show that O’Kane and Shell’s conjecture—that their algorithm produces optimally reduced output filters if their
graph coloring subroutine is optimal—is false, by providing a counterexample for which optimal coloring in their algo-
rithm does not necessarily produce optimal filter reduction.

4. We show that for some natural kinds of parameters, the problem is not fixed-parameter tractable. We also introduce
two new parameters and show, by describing an algorithm, that the problem is fixed-parameter tractable when it is
parameterized by these two parameters.

Taken together, these results support a conclusion that filter minimization is a truly challenging problem, because it is
not susceptible to any of the standard approaches for solving NP-hard problems. In practice, solving the filter minimiza-
tion problem appears to require accepting at least one of three unpalatable options: (a) suboptimal heuristic solutions,
(b) potentially exponential run time, or (c) restriction to a highly-constrained special case.

The balance of this paper is structured as follows. Section 2 reviews the related work and Section 3 introduces the
basic definitions and the problem formulation. Section 4 presents a technique for converting the instances of the graph
coloring problem to instances of the filter minimization problem, and proves several useful properties of this conversion
that we reuse in some other sections. In Section 5, we prove hardness results for tree, bipartite, and planar filter reduction,
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