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The strong matching preclusion number of a graph is the minimum number of vertices and 
edges whose deletion results in the remaining graph that has neither perfect matchings nor 
almost perfect matchings. The torus network is one of the most popular interconnection 
network topologies for massively parallel computing systems because of its desirable 
properties. It is known that bipartite torus networks have low strong matching preclusion 
numbers. Hu et al. [13] proved that non-bipartite torus networks with an odd number of 
vertices have good strong matching preclusion properties. To complete the study of strong 
matching preclusion problem for non-bipartite torus networks, in this paper, we establish 
the strong matching preclusion number and classify all optimal strong matching preclusion 
sets for the n-dimensional non-bipartite torus network with an even number of vertices, 
where n ≥ 3.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

1.1. Problem description

A matching of a graph is a set of pairwise nonadjacent edges. For a graph with n vertices, a matching M is called 
perfect if its size |M| = n

2 for even n, or almost perfect if |M| = n−1
2 for odd n. A graph is matchable if it has either a 

perfect matching or an almost perfect matching. Otherwise, it is called not matchable. For graph-theoretical terminology 
and notation not defined here we follow [3]. A set F of edges in a graph G is called a matching preclusion set (MP set for 
short) if G − F is not matchable. The matching preclusion number of G , denoted by mp(G), is defined to be the minimum 
size of all possible such sets of G . The optimal MP set of G is any MP set whose size is mp(G). This concept of matching 
preclusion was first presented by Brigham et al. [2] and further studied by [7,8,18]. It was introduced as a measure of 
robustness in the event of edge failure in interconnection networks, as well as a theoretical connection to conditional 
connectivity, “changing and unchanging of invariants” and extremal graph theory. We refer the readers to [2] for details.

The concept of strong matching preclusion was proposed by Park and Ihm [15]. A set F of vertices and/or edges in a 
graph G is called a strong matching preclusion set (SMP set for short) if G − F is not matchable. The strong matching 
preclusion number of G , denoted by smp(G), is the minimum cardinality of all SMP sets of G . The optimal SMP set of G is 
any SMP set whose size is smp(G).

Specially, when G itself is not matchable, both smp(G) and mp(G) are regarded as zero. These numbers are undefined 
for a trivial graph with only one vertex. Notice that every MP set of a graph is a special SMP set of the graph. For any 
nontrivial graph G , we have smp(G) ≤ mp(G).
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When a set F of vertices and/or edges is removed from a graph, the set is called a fault set. For any vertex v ∈ V (G), let 
NG(v) be all neighboring vertices adjacent to v and let IG (v) be all edges incident to v . Clearly, a fault set, which separates 
exactly one isolated vertex from the remaining graph with an even number of vertices, forms a simple SMP set of the 
original graph.

Proposition 1.1 ([15]). Let G be a graph. Given a fault vertex set X(v) ⊆ NG(v) and a fault edge set Y (v) ⊆ IG(v), X(v) ∪ Y (v) is an 
SMP set of G if (a) w ∈ X(v) if and only if (v, w) /∈ Y (v) for every w ∈ NG(v), and (b) the number of vertices in G − (X(v) ∪ Y (v))

is even.

The above proposition suggests an easy way of building SMP sets. Any SMP set constructed as specified in Proposition 1.1
is called trivial. Let G be a graph. If smp(G) = δ(G), then G is called maximally strong matched. If every optimal SMP set of 
G is trivial, then G is called super strong matched. It is easy to see that, for an arbitrary vertex of degree at least one, there 
always exists a trivial SMP set which isolates the vertex. This observation leads to the following fact.

Proposition 1.2 ([15]). For any graph G with no isolated vertices, smp(G) ≤ δ(G), where δ(G) is the minimum degree of G.

1.2. Our motivation

Distributed processor architectures offer the advantage of improved connectivity and reliability. An important component 
of such a distributed system is the system topology, which defines the inter-processor communication architecture. This 
system topology forms the interconnection network. In certain application, every node requires a special partner at any 
given time and the matching preclusion number measures the robustness of this requirement in the event of link failures 
as indicated in [2]. Hence, in these interconnection networks, it is desirable to have the property that the only optimal MP 
sets and optimal SMP sets are those whose deletion gives an isolated vertex in the resulting graph. As an extensive form 
of matching preclusion, the problem of strong matching preclusion has been studied for many classes of interconnection 
networks [1,4–6,9–13,15–17].

Among various designs of large-scale networks, the Cartesian product method is a very effective method of building 
larger networks from several specified small-scale networks. Let G = (V (G), E(G)) and H = (V (H), E(H)) be two sim-
ple graphs. Their Cartesian product G�H is the graph with vertex set V (G)�V (H) = {gh : g ∈ V (G), h ∈ V (H)}, in which 
two vertices g1h1 and g2h2 are adjacent if and only if g1 = g2 and (h1, h2) ∈ E(H), or (g1, g2) ∈ E(G) and h1 = h2. The 
n-dimensional torus network, denoted by T (k1, k2, . . . , kn), constructed as the Cartesian product of cycles, is one of the 
most popular interconnection networks for massively distributed systems and has recently received significant attention [8,
12–14,16]. In [12] and [16], the strong matching preclusion problem was studied for two-dimensional torus networks and 
bipartite torus networks, and the following two results were given.

Theorem 1.1 ([12,16]). Let k1 ≥ 3 be an odd integer and let k2 ≥ 3 be an integer. Then T (k1, k2) is maximally strong matched. 
Moreover, T (k1, k2) is super strong matched if k2 �= 4.

Theorem 1.2 ([16]). Let k1, k2, . . . , kn be even integers with ki ≥ 4 for each i = 1, 2, . . . , n. Then smp(T (k1, k2, . . . , kn)) = 2. Further-
more, each of its optimal SMP sets is a set of two vertices from the same partite set.

Then, followed by the work above, Hu et al. [13] investigated the problem of strong matching preclusion for non-bipartite 
torus networks with an odd number of vertices and presented the following result.

Theorem 1.3 ([13]). Let n ≥ 3 be an integer and ki ≥ 3 be an odd integer for every 1 ≤ i ≤ n. Then T (k1, k2, . . . , kn) is super strong 
matched.

To complete the study of strong matching preclusion problem for n-dimensional torus networks, in this paper, we shall 
show that non-bipartite torus networks with an even number of vertices have good strong matching preclusion properties, 
and obtain the following result.

Theorem 1.4. Let n ≥ 3 be an integer and let k1, k2, . . . , kn be integers with ki ≥ 3 for each i = 1, 2, . . . , n. If not all the ki ’s are even 
or odd, then T (k1, k2, . . . , kn) is super strong matched.

2. Preliminaries

Let Ck be the cycle of length k with the vertex set V (Ck) = {0, 1, . . . , k −1}. Two vertices u, v ∈ V (Ck) are adjacent in Ck if 
and only if u = v ± 1 (mod k). For clarity of presentation, we omit writing “mod k” in similar expressions for the remainder 
of the paper. The n-dimensional torus T (k1, k2, . . . , kn) with n ≥ 2 and ki ≥ 3 for all i is defined to be Ck1 �Ck2� · · ·�Ckn
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