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1. Introduction

In different decision-making problems, agents have to show
their opinions on a set of alternatives and then an aggregation
procedure is used for generating a collective outcome: a winning
alternative, several winning alternatives, a ranking on the set of
alternatives, etc.

The agents opinions can be provided in very different ways: the
favorite alternative, a subset of acceptable alternatives, a ranking
on the set of alternatives, an assessment for each alternative, etc.

When agents assess independently each alternative, the corre-
sponding assessments can be of different nature depending on the
context: numerical values, intervals of real numbers, fuzzy num-
bers, linguistic terms, etc.

Qualitative scales are formed by linguistic terms. Usually, these
scales are balanced and uniform: there are the same number of
positive and negative terms, and adjacent terms are equidistant (for
instance, ‘very bad’, ‘bad’, ‘acceptable’, ‘good’ and ‘very good’). How-
ever, sometimes the qualitative scales are unbalanced: there are
different number of positive terms compared to negative ones,' and
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it is not clear how to measure the nearness between the linguistic
terms of an unbalanced qualitative scale.?

In this paper, we do not assign numerical distances between
linguistic terms, but we propose to make pairwise comparisons of
psychological proximities between them. This approach has some
similarities with difference measurement within the classical mea-
surement theory (see Krantz et al. [32, chapter 4] and Roberts [40,
section 3.3]), and also with non-metric multidimensional scaling,
where only the ranks of the psychological distances or proximi-
ties are known (see Bennett and Hays [5], Shepard [41], Coombs
[12], Kruskal and Wish [33], Cox and Cox [13] and Borg and Groe-
nen |7, chapter 9], among others). We have also to mention Bossert
et al. [9] that consider ordinal measures of distances in the analysis
of diversity.

In order to explain how the mentioned comparisons can be
made, we consider, as an example, that some journals use the
linguistic terms ‘reject’, ‘major revision’, ‘minor revision’ and
‘accept’ in the evaluation of papers. It has no sense to assign
numerical values neither to these terms nor to distances between
terms. However, an author may feel that the psychological prox-
imity between ‘minor revision’ and ‘accept’ is bigger than the

2 Nevertheless, within a fuzzy approach, some cardinal proposals on unbalanced
qualitative scales can be found in Herrera et al. [24] and Cabrerizo et al.[11], among
others.
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psychological proximity between ‘minor revision’ and ‘major revi-
sion’. Obviously, this author could compare psychological proxim-
ities between the rest of pairs of linguistic terms. Initially, this task
may seem hard, because there are 162 =256 possible pairwise com-
parisons. Fortunately, it is not necessary to compare all the pairs>:
the psychological proximity between two terms does not depend
on the order these terms are presented; the psychological proxim-
ity between a term and itself is always the same and it is bigger than
the psychological proximity between two different terms; etc.

Taking into account the previous ideas, we propose the notion of
ordinal proximity measure as a mapping that assigns an element of
a chain to each pair of psychological proximities between linguis-
tic terms, satisfying four independent properties: all the elements
in the chain correspond to some psychological proximity, i.e., no
element in the chain is superfluous; psychological proximities are
symmetric, i.e., the order of the pairs is irrelevant in the com-
parison; the maximum psychological proximity is reached when
comparing a linguistic term with itself; and given three different
linguistic terms, the degree of proximity between the lowest and
the highest terms should be smaller than the degrees of proximity
between the lowest and the intermediate terms and between the
intermediate and the highest terms.

Once the ordinal proximity measuring model has been
introduced, we propose consensus measures and agglomerative
hierarchical clustering procedures when a group of agents evaluate
the alternatives through a qualitative scale, taking into account the
ordinal proximities between individual assessments.

Given a subset of agents and a subset of alternatives, we define
the degree of consensus as the upper median of the proximities
between all the pairs of individual assessments. We propose a
sequential tie-breaking process and provide some properties of the
degrees of consensus.

We have also devised an agglomerative hierarchical clustering
procedure where agents are grouped into clusters by defining the
similarity between two groups of agents with respect to a subset
of alternatives as the degree of consensus in the merged group. We
have illustrated our proposal from the qualitative marks obtained
by a group of students in several subjects.

The rest of the paper is organized as follows. Section 2 is devoted
to introduce and analyze ordinal proximity measures. In Section 3
we propose some applications to consensus and clustering. And
Section 4 includes some concluding remarks.

2. Ordinal proximity measures

Let A={1, ..., m}, with m> 2, be a set of agents and let X={x;,
... Xn}, withn > 2, be the set of alternatives which have to be evalu-
ated.Each agentassigns a linguistic term to every alternative within
a finite linguistic ordered scale £ = {l4, ..., Ig}, arranged from the
lowest to the highest terms,* where the granularity of £ is at least
3(g=3).

2.1. The model

Consider that the psychological proximity between I € £ and
Is € £ is represented by 7 and let A={m|r, se{1, ..., g}} be

3 In Remark 1 we show that, with four linguistic terms, only between three and
six comparisons are needed.

4 For instance, Balinski and Laraki [4] consider the following six linguistic terms:
‘to reject’ (I1), ‘poor’ (1), ‘acceptable’ (I3), ‘good’ (I4), ‘very good’ (Is) and ‘excellent’

(Is)-

the set of all possible psychological proximities between linguistic
terms.>

Although we do not associate numbers to psychological prox-
imities, we assume that it is possible to compare psychological
proximities between linguistic terms through an asymmetric and
transitive binary relation - on A, where 75 > 7, means that the
psychological proximity between I, and I is bigger than the psy-
chological proximity between I; and [,

We consider that the following properties should be satisfied
forallr,s, t,ue{l,..., g}

. If neither 7,5 > 7, NOr 7Ty > 7Tp5, then s =14y,
TCsr = TTrs.

Trr =TTss.

. If s # t, then > .

. Ifr<s<t, then s > 7 and 7w > 7.
Afr<sand(r,s) # (1, 2), then s > m1g.

DU WN =

We now introduce a formal notion of proximity between lin-
guistic terms with values on a finite chain (linear order) A = {44,
..., 0p}, with 81 > --- > &, that captures the properties introduced
above. The elements of A have no meaning and they only represent
different degrees or proximity, being 8; and &, the maximum and
minimum degrees of proximity, respectively.

As usual in the setting of linear orders, §, < s means & > &r;
8y < 8s means 8 < 8s or 8, =Js; and ; > §s means &, > s or &, =6s.

First we assume that all the elements of A are relevant because
they are reached as the degree of proximity between at least a pair
of linguistic terms (exhaustiveness). We also assume that the prox-
imity between a pair of linguistic terms does not depend on the
order these terms are presented (symmetry), and the maximum
proximity between linguistic terms is only reached when compar-
ing a term with itself. Additionally, we assume that, given three
different linguistic terms, the degree of proximity between the low-
est and the highest terms should be smaller than the degrees of
proximity between the lowest and the intermediate terms and also
between the intermediate and the highest terms (monotonicity).

Definition 1. An ordinal proximity measure on £ with values in A
is a mapping 7 : £2 — A, where 7(l;, Is) = 7,5 means the degree of
proximity between I and [, satisfying the following conditions:

1. Exhaustiveness: For every § € A, there exist I, I € £ such that
(S =TTrs.

2. Symmetry: mo-=m, forallr,se{1,..., g}.

. Maximum proximity: ms=81 & r=s,forallr,se{1, ... g}

4. Monotonicity: min {7mys, st} > 7y, for all r, s, te {1, ..., g} such
that r<s<t.

w

Every ordinal proximity measure can be represented by agx g
symmetric matrix with coefficients in A, where the elements in the

main diagonal are - =61,7=1,...,8:
T - M5 - Mg
T - Tys oo Mg | = (7).
g1 - Tlgs - Tlgg

This matrix is called proximity matrix.

5 At this stage we do not specify what kind of mathematical objects represent
psychological proximities.
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