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cannot be avoided in order to reach a normal form. This is particularly appealing in the
setting of non-sequential rewrite systems, in which terms that are not in normal form may
not have any needed redex. We first prove a normalisation theorem for abstract rewrite
systems (ARS), a general rewriting framework encompassing many rewriting systems

Keywords: developed by P-A. Melliés [20]. The theorem states that multistep strategies reducing
Rewriting so called necessary and never-gripping sets of redexes at a time are normalising in any
Normalisation ARS. Gripping refers to an abstract property reflecting the behaviour of higher-order
Neededness substitution. We then apply this result to the particular case of PPC, a calculus of patterns
Sequentiality and to the lambda-calculus with parallel-or.

Pattern calculi © 2017 Elsevier B.V. All rights reserved.

1. Introduction

This paper is about computing normal forms in rewrite systems. Consider the A-calculus. Let K stand for the term
Ax.Ay.x, I for Ax.x and Q for (Ax.xx) (Ax.xx). Then s:= K I Q2 admits an infinite reduction sequence of S-steps, namely the
one obtained by repeatedly reducing €2, and hence s, to itself. However, it also reduces in two B-steps to the normal form
I by repeatedly reducing the leftmost-outermost redex:

KIQ— Gy D1 (1)

The reason this strategy normalises is that the redexes it selects are unavoidable or needed in any reduction to normal form.
Indeed, leftmost-outermost redexes are needed in A-calculus [6]. This paper studies normalisation for the broader case of
rewriting systems where needed redexes may not exist. It does so by adapting Melliés’ abstract rewriting framework [20]
to encompass Sekar and Ramakrishnan’s notion of needed sets of redexes [22]. In doing so, the relatively unfamiliar notion of
gripping, used only marginally in the work of Melliés, is shown to play a crucial role, thus giving it an interest of its own.

Normalisation in TRS. Although in the A-calculus the leftmost-outermost strategy does indeed attain a normal form (if
it exists) [12], the same cannot be said for term rewriting systems (TRS). For example, consider the TRS:
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a—b
c—cC

fx,b) > d

and the term ¢ := f(c, a). The leftmost-outermost strategy selects redex c in t producing an infinite reduction sequence. Yet
this term admits a normal form:

f(c,a)— f(c,b)—d (2)

For left-normal TRS (those in which the constant and function symbols precede, in the linear term notation, the variable
occurrences in the left-hand side of rewrite rules), the leftmost-outermost strategy does indeed normalise [21]; the same
applies to left-normal higher-order rewrite systems [19]. Alternatively, one might decide to reduce all outermost redexes at
once: parallel-outermost reduction is normalising for (almost) orthogonal TRS [21], where an orthogonal TRS is one whose
rewrite rules are left-linear and non-overlapping, and an almost orthogonal TRS has trivial critical pairs at the root, if at all.
Parallel-outermost reduction is also normalising for almost orthogonal systems in higher-order rewriting [24].

Needed redexes. There is indeed a deep connection between redexes reduced in (1) and (2): they are unavoidable in
the sense that in any reduction sequence from s and t to normal form, they (or their residuals) must be reduced at some
point. Such redexes are called needed and a theory of needed redexes was developed by Huet and Lévy [14] for orthogonal
TRS. In [14] it is shown that in these TRS, terms that are not in normal form always have at least one needed redex and
that reduction of needed redexes is normalising. They also showed that determining whether a redex is needed or not is
undecidable in general; this led them to study restrictions of the class of orthogonal TRS (the strongly sequential TRS) in
which needed redexes could be identified effectively.

A fundamental limitation of Huet and Lévy’s work is the requirement of orthogonality. This requirement does have its
reasons though: in non-orthogonal TRS, terms that are not in normal form may not have needed redexes. A paradigmatic
example is the “parallel-or” TRS:

or(x,tt) — tt
or(tt,x) — tt

The term u := or(or(tt, tt), or(tt, tt)) has four redexes: the occurrence of or(tt, tt) on the left is an instance of the
first and second rules of the parallel-or TRS, and the one on the right is also an instance of both of these rules. None of
these is needed since one can always obtain a normal form without reducing it. For example, the reduction sequence:

or(or(tt, tt),or(tt, tt)) = or(or(tt, tt), tt) — tt (3)

never reduces any of the two redexes on the left. A similar argument applies to the two redexes on the right in u. In fact
u seems to suggest that no sensible normalising strategy, picking one redex at a time by looking solely at the term, can be
constructed. The impossibility to construct an effective needed strategy can even occur in orthogonal TRSs, a paradigmatic
example being Gustave’s TRS [7].

Any almost orthogonal TRS,! such as the parallel-or example above, does admit a normalising one-step reduction strat-
egy [18,3]. There is a price to pay though, namely that such a strategy has to perform lookahead (in the form of cycle
detection within terms of a given size).

Another example of the absence of needed redexes in non-orthogonal rewrite systems are pattern calculi. Let p be a data
constructor representing a person including her/his name, gender and marital status. For example, p jms represents the
person named j (for “Jack”) who is male and single. A function such as Apxms.x returns the name of any person that is
male and single. It computes by matching the pattern pxms against its argument: reporting an appropriate substitution, if
it is successful, or a distinguished constant f, if it fails (c¢f. Sec. 2). Consider the following term which results from applying
the above mentioned function to a person called a (for “Alice”) that is female and divorced (recall from above that I is the
identity function Ax.x):

to:= (pxms.x)(pa(I£)(3d)) (4)

This term has two redexes, namely If and Id. Note that the term itself is not a redex since the success or failure of the
match between pattern and argument cannot be determined. We have two possible reduction sequences to normal form:

(Apxms.x)(pa(If)(Id)) - (Apxms.X)(pa(If)d) — §
(Apxms.x)(pa(f)(Id)) - (Apxms.X)(paf(d) — |
The first reduction sequence does not reduce If; the second does not reduce Id. Therefore the term tg does not contain
any needed redexes.
Beyond neededness. This prompts one to consider whether it is possible to obtain normalisation results for possibly

overlapping, and more generally non-sequential ([14]) rewrite systems. The following avenues have been pursued in this
direction:

1 In fact, any almost orthogonal Combinatory Reduction Systems [19].
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