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The concept of schema plays a vital role in the study of genetic algorithms. The effect of 
selection, simple crossover and mutation on schemata has already been studied rigorously 
by several researchers. In this paper a novel ternary crossover operator is introduced and 
its effects on the probability of survival of a schema are meticulously analyzed. A theorem 
regarding the effect of novel crossover operator on survival of schemata is proved and 
based on that the combined effect of novel crossover and mutation on probability of 
survival of a schema is established mathematically.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Genetic algorithms are ubiquitous. There are innumerable areas where they have been successfully used [16]. Some of 
the most common operators used in genetic algorithms are: selection, crossover and mutation. Various variants of these 
basic operators have also been proposed to improve the performance of the traditional genetic algorithm [2,11] and have 
been successfully applied in the optimization of various problems [17].

Apart from genetic algorithms several other evolutionary [9,19] and nature inspired strategies [1,4–6,15] have also been 
proposed to solve optimization problems involving multiple objectives. As exhaustive analysis of the performance of evo-
lutionary algorithms is difficult, various theoretical ways of analyzing them have been proposed [3]. Out of the various 
approaches of optimization which have been proposed, one proves to be better than the others under certain circumstances, 
while another approach might outperform it under different circumstances [20].

The schema theory [7] plays a vital role in the field of genetic algorithms as it enables us to estimate the number of 
instances of a schema in a particular generation based on the number of its instances in the previous generation. A lot 
of research has been done in this field and a generalized expression for schemata count has been proposed [13]. Schema 
theory has also been extended from genetic algorithms to genetic programming [21].

A schema represents a general class of chromosomes. A binary schema consists of a string over the alphabet {0, 1, ∗}; 
where ‘∗ ’ represents “don’t care” bits and could be either ‘0’ or ‘1’. Multiple strings in the search space belong to one 
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schema. Positions in the string where ‘0’ or ‘1’ occurs are termed as fixed positions. Schema theory deals with the study 
of the existence of a schema in the population at various generations and with the analysis of the effect of selection [8], 
crossover [12,14,18] and mutation [10] on the chance of survival of a schema.

The rest of the paper is organized in the following manner: Section 2 discusses the basic concept of schema as available 
in the literature and introduces the meaning of jargons like: defining length, order, fragility etc. with suitable examples.

In Section 3, the traditional crossover operator is explained with suitable examples and the effect of simple crossover 
on the probability of survival of schema is derived step by step for proper understanding of the concept [7]. Then, the 
combined effect of simple crossover and mutation on the probability of survival of a schema is derived mathematically. 
These concepts are also available in literature [7].

In Section 4.1, a novel ternary crossover operator is introduced and the different possible cases regarding its working 
are thoroughly investigated and represented using suitable examples. A theorem is proved on the basis of the observations 
regarding the effects of a novel ternary crossover operator.

Section 4.2 discusses the effect of the novel ternary crossover operator on the probability of survival of a schema from a 
generation to the next one. Different cases are considered and analyzed to gain better insight about the process and another 
theorem is proved (which is an extension of the previous theorem). Based on these theorems the effects of the novel ternary 
crossover operator on schemata are meticulously analyzed and the combined effect of novel ternary crossover operator and 
mutation on probability of survival of schema is represented mathematically.

In Section 5, the implications of the survival of a schema from a generation to the next one are discussed.
Section 6 concludes the various findings of the mathematical analysis.

2. Concept of schema

The basic concept of schema has been described in Section 1. In order to understand it thoroughly in the context of 
genetic algorithms, we give some basic definitions.

Definition 1 (Order of a schema). The order of a schema o(H) is the number of fixed positions in the string.

Definition 2 (Defining length of a schema). The defining length of a schema d(H) is the distance between the first and the 
last fixed positions in the string, i.e. the number of places where crossover can disrupt the schema.

Definition 3 (Fragility of a schema). The fragility of a schema is the number d(H)
(l−1)

, (where, d(H) is the defining length and l
is the length of the schema) i.e. the proportion of places where the schema can be disrupted.

Definition 4 (Gene). A gene is a bit string of arbitrary length that represents a part of an individual.

Definition 5 (Chromosome). A chromosome is a collection of different genes arranged in a sequential order.

Definition 6 (Fitness). The fitness of an individual is a measure of its ability to solve a problem.

Definition 7 (Crossover). Crossover is the genetic operator that performs the task of recombination of two individuals (par-
ents) to generate individuals of the new generation (offspring).

Definition 8 (Selection). Selection is the process by which the pairs of individuals that will participate in crossover operation 
are selected.

Definition 9 (Mutation). Mutation is the process by which new characteristics are introduced into the population.

Let us try to understand the concept of schema with the help of an example:

Suppose, we have a schema H1 = 10∗∗0∗1∗∗∗ .
For this schema,

Length l(H1) = 10 (total number of bits in the string representing it).

Order of schema o(H1) = 4 (Number of fixed bits)

Defining length d(H1) = 7 − 1 = 6 (Difference between the last fixed bit and first fixed bit)

Vulnerability or fragility
d(H1)

(l − 1)
= 6/9 = 0.66667

Vulnerability represents the portion of the schema where crossover will destroy it.
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