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The concept of promise problems was introduced and started to be systematically explored
by Even, Selman, Yacobi, Goldreich, and other scholars. It has been argued that promise
problems should be seen as partial decision problems and as such that they are more
fundamental than decision problems and formal languages that used to be considered
as the basic ones for complexity theory. The main purpose of this paper is to explore
the promise problems accepted by classical, quantum and also semi-quantum finite
automata. More specifically, we first introduce two acceptance modes of promise problems,
recognizability and solvability, and explore their basic properties. Afterwards, we show
several results concerning descriptional complexity on promise problems. In particular, we
prove: (1) there is a promise problem that can be recognized exactly by measure-once
one-way quantum finite automata (MO-1QFA), but no deterministic finite automata (DFA) can
recognize it; (2) there is a promise problem that can be solved with error probability
€ < 1/3 by one-way finite automaton with quantum and classical states (1QCFA), but no one-
way probability finite automaton (PFA) can solve it with error probability € < 1/3; and
especially, (3) there are promise problems A(p) with size p that can be solved with any
error probability by MO-1QFA with only two quantum basis states, but they can not be
solved exactly by any MO-1QFA with two quantum basis states; in contrast, the minimal
PFA solving A(p) with any error probability (usually smaller than 1/2) has p states. Finally,
we mention a number of problems related to promise for further study.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Informally, a promise problem is the problem to decide whether an object or process has a property P1 or P, provided
it is promised (known) to have a property Ps.

The concept of a promise problem was

introduced explicitly in [11] and it has been argued there that promise problems

are actually more fundamental for the study of computational theory issues than decision problems or, more formally,
formal language versions/encodings of the decision problems.

Such a view on the fundamental importance of promise problems has been even more emphasized in the survey paper
[15], where also the following basic version of the promise problems has been introduced.
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Definition 1. A promise problem over an alphabet X is a pair (Ayes, Ano) of disjoint subsets of X*. The union Ayes U Ap is
then called the promise and Ayes as well Ay, are called promise’s components.

The goal is then to decide whether x € Ayes or x € Ay, for a given string x from the promise set. In a special (trivial)
case the promise is the whole set X*. However, in general it may be very nontrivial to decided whether an input string is
in a given promise set.

In spite of the fact that both papers [11,15] have brought interesting problems and outcomes, the study of promise
problems did not get a proper momentum yet.

On the other side, the results concerning several promise problems in quantum information processing have had very
large impact. They demonstrated that using quantum phenomena and processes one can solve several interesting promise
problems with much less quantum queries (to quantum black boxes) than in the case only classical tools and queries (to
classical black boxes) are available. The initial development in this area was culminated by the result of Simon [37] that the
promise problem he introduced can be solved with the polynomial number of quantum and classical queries but not with
polynomial number of classical queries only even if probabilistic tools are used. The second promise problem is the Hidden
Subgroup Problem for non-commutative groups, which took very large attention, especially its special cases, for example
integer factorization, due to Shor [36], and can be now seen as one of the most fundamental, and still open, problems.

Almost all papers so far, especially papers [11,15,38], dealt with promise problems in the context of such high level
complexity classes as P, NP, BPP, SZK and so on.

In this paper we start to explore promise problems on another level, namely, using classical and quantum or even semi-
quantum finite automata to attack some promise problems working in various (especially two special) modes. The remainder
of the paper is organized as follows. In Section 2, we recall the definitions of classical and quantum finite automata that
will be used in the paper, and define two acceptance modes of promise problems, recognizability and solvability of promise
problems by automata. Then, in Section 3.3, we deal with the closure and ordering properties of promise problems. After-
wards, in Section 4, lower and upper bounds are derived concerning the state complexity in a promise problem between
the promise and its two components.

In particular, we study some promise problems in terms of classical and quantum finite automata in Section 5, and obtain
the following results: that there is a promise problem that can be recognized exactly by measure-once one-way quantum finite
automata (MO-1QFA), but no deterministic finite automata (DFA) can recognize it (Theorem 13); there is a promise problem
that can be solved with any error probability by one-way finite automaton with quantum and classical states (1QCFA), but no
one-way probability finite automaton (PFA) can solve it with error probability € < 1/3 (Theorem 14).

Especially, in Section 5 we prove a hierarchic result concerning QFA. More exactly, we show that there are promise
problems A(p) with size p that can be solved with any error probability by MO-1QFA with only two quantum basis states,
but they can not be solved exactly by any MO-1QFA with two quantum basis states (Theorem 15), and in contrast, the
minimal PFA solving A(p) with any error probability (usually smaller than 1/2) has p states (Theorem 16). However, we do
not know whether there is an MO-1QFA with more than two quantum basis states being able to solve exactly this promise
problems A(p).

In addition, the above result may give rise to a hierarchic problem for the classes solved by MO-1QFA in terms of different
quantum basis states. More precisely, let C(P), denote the class of promise problems solved exactly by an MO-1QFA with n
quantum basis states. Then, whether does C(P)y C C(P), hold for m <n? Therefore, in Section 6 we mention a number of
problems related for further study.

2. Preliminaries

We introduce in this section some basic concepts and notations concerning classical and quantum finite automata. For
more on quantum information processing and (quantum and semi-quantum) finite automata we refer the reader to [29-33,
27,34,16,19,26].

2.1. Deterministic finite automata

In this subsection we recall the definition of deterministic finite automata (DFA) and give the definition of so-called promise
version deterministic finite automata (pvDFA).
Definition 2. A deterministic finite automaton (DFA) A is specified by a 5-tuple
A=(S,Z%,8,50, Sa)s (1)
where:
e S is a finite set of classical states;

e X is a finite set of input symbols;
e so € S is the initial state of the automaton;
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