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We aim to study the set of color sets of continuous regions of an image given as a matrix 
of m rows over n ≥ m columns where each element in the matrix is an integer from 
[1, σ ] named a color. The set of distinct colors in a region is called fingerprint. We aim to 
compute, index and query the fingerprints of all rectangular regions named rectangles. The 
set of all such fingerprints is denoted by F . A rectangle is maximal if it is not contained in 
a greater rectangle with the same fingerprint. The set of all locations of maximal rectangles 
is denoted by L. We first explain how to determine all the |L| maximal locations with their 
fingerprints in expected time O (nm2σ) using a Monte Carlo algorithm (with polynomially 
small probability of error) or within deterministic O (nm2σ log(

|L|
nm2 + 2)) time. We then 

show how to build a data structure which occupies O (nm logn + |L|) space such that 
a query which asks for all the maximal locations with a given fingerprint f can be 
answered in time O (| f | + log log n + k), where k is the number of maximal locations with 
fingerprint f . If the query asks only for the presence of the fingerprint, then the space 
usage becomes O (nm logn + |F |) while the query time becomes O (| f | + log log n). We 
eventually consider the special case of squared regions (squares).

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

In this paper, we are interested in studying and indexing the set of all sets of distinct colors of continuous regions of a 
given image in order to quickly answer to several queries on this set, for instance, does there exist at least one region with 
a given set of colors and if so, what are the positions of all such regions in the image?

Also the considered indexing structures and algorithms are a good approach towards efficient image comparisons and 
clustering based on color sets. To our knowledge, this is the first time such a problem is formalized and analyzed, and to 
build a general well founded algorithmic framework we begin by formalizing our notions.

We consider an image as a matrix M of m rows over n columns (see Fig. 1) where each ai, j is an integer from [1, σ ].1
This matrix is called an image and henceforth, we will refer to the integers stored in the matrix by colors or characters.

To design our indexing structures and algorithms, we extend the definition of fingerprints (or sets of distinct characters), 
initially defined on sequences [1,6,7,12], to images. While classical pattern matching approaches on images have already 
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1 We assume that σ ≤ nm. If this is not the case, then we can build a dictionary data structure that occupies O (nm) space and that can remap in constant 
time distinct characters from the original alphabet to distinct integers in [1, nm].
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Fig. 1. An image.

Fig. 2. Example of maximal rectangles (bold frontiers) in a small image.

been studied [2–4], this paper is the first (to our knowledge) to focus on the character sets. We assume below that m ≤ n. 
We denote by 〈i0, i1; j0, j1〉 where i0 ≤ i1 and j0 ≤ j1, the rectangle in M bounded by the i0-th and i1-th rows and j0-th 
and j1-th columns including these rows and columns. We also denote by f 〈i0, i1; j0, j1〉 the set of distinct colors contained 
in the rectangle 〈i0, i1; j0, j1〉. This set is called the fingerprint of 〈i0, i1; j0, j1〉.

Definition 1. A rectangle in an image is maximal if it is not contained in a greater rectangle with the same fingerprint.

In other words a rectangle is maximal if any extension of the rectangle in one of the four directions will add at least one 
color not present in the rectangle. Fig. 2 shows an example of an image containing many maximal rectangles.

In this article, as a first step toward our general goal of indexing all color sets of continuous regions, we focus on indexing 
and answering queries on fingerprints of all maximal rectangles of the input image. Given a fingerprint f , a maximal 
rectangle with the fingerprint f is called a maximal location of f . We denote by L the set of all maximal locations, and 
by F the set of all distinct fingerprints of rectangles in the image. It is easy to see that |F | ≤ |L| ≤ nm2σ . All our results 
assume the standard RAM model with word size w = �(log(n + σ)) and with all standard arithmetic and logic operations 
(including multiplication) taking constant time. We prove below the following theorems:

Theorem 1. Given an image of m rows by n ≥ m columns, we can determine all the |L| maximal locations with their fingerprints 
in expected time O (nm2σ) with a Monte Carlo algorithm (with polynomially small probability of error) or within deterministic 
O (nm2σ log(

|L|
nm2 + 2)) time.

Note that the total deterministic time is O (nm2σ logσ) in the worst case (when we have |L| = �(nm2σ)), but is only 
O (nm2σ) (which is as good as the Monte Carlo time) as long as |L| ≤ O (nm2).

Theorem 2. Given an image of m rows by n ≥ m columns, whose set L of all maximal locations and set F of associated fingerprints 
have been already determined, we can build a data structure which occupies space O (nm logn + |L|) such that a query which asks for 
all the maximal locations with a given fingerprint f can be answered in time O (| f | + log log n +k), where k is the number of maximal 
locations with fingerprint f . If the query asks only for the presence of the fingerprint, then the space usage becomes O (nm logn + |F |)
while the query time becomes O (| f | + log log n).

The construction times of the data structures mentioned in Theorem 2 are respectively O (nm log n log log n + |L|) and 
O (nm log n log log n + |F |).

We eventually consider the special case in which only squared regions called squares are considered instead of rectangles. 
We develop a specialized faster algorithm for this case.

1.1. Notations and tools

Let 〈i0, i1; j0, j1〉 be a rectangle. For this rectangle, the i0-th row is called the bottom row, the i1-th row is called the 
top row, the j0-th column is called the left column, and the j1-th column is called the right column. We also define the 
following notions derived from Definition 1: a rectangle 〈i0, i1; j0, j1〉 is maximal to the left (resp. to the right) if rectangle 
〈i0, i1; j0 − 1, j1〉 (resp. 〈i0, i1; j0, j1 + 1〉) doesn’t have the same fingerprint, and is maximal to the bottom (resp. to the top) if 
rectangle 〈i0 − 1, i1; j0, j1〉 (resp. 〈i0, i1 + 1; j0, j1〉) doesn’t have the same fingerprint. It is obvious that a rectangle is maxi-
mal if and only if it is maximal in all the directions. One of our solutions uses the following lemma by Muthukrishnan [14]:

Lemma 1. Given a sequence of colors T [1, n] each chosen from the same alphabet of colors [1, σ ], in time O (n) we can preprocess 
the sequence into a data structure which occupies O (n) space so that given any range [i, j] we can find the set of all distinct colors 
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