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This paper provides efficient algorithms that decide membership for classes of several 
Boolean hierarchies for which efficiency (or even decidability) were previously not known. 
We develop new forbidden-chain characterizations for the single levels of these hierarchies 
and obtain the following results:

• The classes of the Boolean hierarchy over level �1 of the dot-depth hierarchy are 
decidable in NL (previously only the decidability was known). The same remains true 
if predicates mod d for fixed d are allowed.

• If modular predicates for arbitrary d are allowed, then the classes of the Boolean 
hierarchy over level �1 are decidable.

• For the restricted case of a two-letter alphabet, the classes of the Boolean hierarchy 
over level �2 of the Straubing–Thérien hierarchy are decidable in NL. This is the first 
decidability result for this hierarchy.

• The membership problems for all mentioned Boolean-hierarchy classes are logspace 
many-one hard for NL.

• The membership problems for quasi-aperiodic languages and for d-quasi-aperiodic 
languages are logspace many-one complete for PSPACE.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

The study of decidability and complexity questions for classes of regular languages is a central research topic in automata 
theory. Its importance stems from the fact that finite automata are fundamental to many branches of computer science, e.g., 
databases, operating systems, verification, hardware and software design.

There are many examples for decidable classes of regular languages (e.g., locally testable languages), while the decidabil-
ity of other classes is still a challenging open question (e.g., generalized star-height). Moreover, among the decidable classes 

✩ A preliminary version of this paper appeared as [14] at the conference STACS 2008.
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Fig. 1. Boolean hierarchies considered in this paper. Dashed lines indicate the inclusions C1
0 (n) ⊆ · · · ⊆ C1

k (n) ⊆ · · · ⊆ �σ
1 (n) and Cd

0(n) ⊆ · · · ⊆ Cd
k (n) ⊆ · · · ⊆

�
τd
1 (n).

there is a broad range of complexity results. For some of them, e.g., the class of piecewise testable languages, efficient algo-
rithms are known that work in nondeterministic logarithmic space (NL) and hence in polynomial time. For other classes, a 
membership test needs more resources, e.g., deciding the membership in the class of star-free languages is PSPACE-complete.

The purpose of this paper is to provide efficient algorithms that decide membership for classes of several Boolean hierar-
chies for which efficiency (or even decidability) were not previously known. Many of the known efficient decidability results 
for classes of regular languages are based on so-called forbidden-pattern characterizations. Here a language belongs to a 
class of regular languages if and only if its deterministic finite automaton does not have a certain subgraph (the forbidden 
pattern) in its transition graph. Usually, such a condition can be checked efficiently, e.g., in nondeterministic logarithmic 
space [38,7,12,13].

However, for the Boolean hierarchies considered in this paper, the design of efficient algorithms is more involved, since 
here no forbidden-pattern characterizations are known. More precisely, wherever decidability is known, it is obtained from 
a characterization of the corresponding class in terms of forbidden alternating chains of word extensions. Though the lat-
ter also is a forbidden property, the known characterizations are not efficiently checkable in general. (Exceptions are the 
special ‘local’ cases ��

1 (n) and C1
k (n) where decidability in NL is known [30,29].) To overcome these difficulties, we first de-

velop alternative forbidden-chain characterizations (they essentially ask only for certain reachability conditions in transition 
graphs). From our new characterizations we obtain efficient algorithms for membership tests in NL. For two of the consid-
ered Boolean hierarchies, these are the first decidable characterizations at all, i.e., for the classes ��

2 (n) for the alphabet 
A = {a, b}, and for the classes �τ

1 (n)).

Definitions. We sketch the definitions of the Boolean hierarchies considered in this paper; formal definitions can be found 
in section 2. ��

1 denotes the class of languages definable by first-order �1-sentences over the signature � = {≤, Q a, . . .}
where for every letter a ∈ A, Q a(i) is true if and only if the letter a appears at the i-th position in the word. ��

1 equals 
level 1/2 of the Straubing–Thérien hierarchy (STH for short) [40,45,41,21]. ��

2 is the class of languages definable by similar 
first-order �2-sentences; this class equals level 3/2 of the Straubing–Thérien hierarchy. Let σ be the signature obtained 
from � by adding constants for the minimum and maximum positions in words and adding functions that compute the 
successor and the predecessor of positions. �σ

1 denotes the class of languages definable by first-order �1-sentences of the 
signature σ ; this class equals level 1/2 of the dot-depth hierarchy (DDH for short) [8,46]. Let τd be the signature obtained 
from σ by adding the unary predicates P 0

d , . . . , P d−1
d where P j

d(i) is true if and only if i ≡ j (mod d). Let τ be the union 
of all τd . �τd

1 (resp., �τ
1 ) is the class of languages definable by first-order �1-sentences of the signature τd (resp., τ ). 

Cd
k is the generalization of ��

1 where neighborhoods of k + 1 consecutive letters and distances modulo d are expressible 
(Definition 2.5). For a class D (in our case one of the classes ��

1 , �σ
1 , Cd

k , �τd
1 , �τ

1 , and ��
2 for |A| = 2), the Boolean hierarchy 

over D is the family of classes

D(n)
df= {L

∣∣ L = L1 − (L2 − (. . . − Ln)) where L1, . . . , Ln ∈ D and L1 ⊇ L2 ⊇ · · · ⊇ Ln}.
The Boolean hierarchies considered in this paper are illustrated in Fig. 1.

Our contribution. The paper contributes to the understanding of Boolean hierarchies of regular languages in two ways:

1. For the classes �σ
1 (n), �

τd
1 (n), and �

�
2 (n) for the alphabet A = {a, b} we prove new characterizations in terms of 

forbidden alternating chains. In case of ��
2 (n) for the alphabet A = {a, b}, this is the first characterization of this class.
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