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Abstract

We investigate the use of smooth spline spaces over regular triangulations as a tool in (isogeometric) Galerkin methods.
In particular, we focus on box splines over three-directional meshes. Box splines are multivariate generalizations of
univariate cardinal B-splines sharing the same properties. Tensor-product B-splines with uniform knots are a special
case of box splines. The use of box splines over three-directional meshes has several advantages compared with tensor-
product B-splines, including enhanced flexibility in the treatment of the geometry and stiffness matrices with stronger
sparsity. Boundary conditions are imposed in a weak form to avoid the construction of special boundary functions. We
illustrate the effectiveness of the approach by means of a selection of numerical examples.
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1. Introduction

Isogeometric Analysis (IgA) is a technology created
about ten years ago with the aim to bridge the gap between
Computer Aided Design (CAD) and Finite Element Anal-
ysis (FEA). The key concept in IgA is the development
of a new isoparametric paradigm for FEA where the same
basis functions used for geometry representations in CAD
systems are adopted for the approximation of field vari-
ables [6, 13]. The isogeometric framework results in some
important advantages. In particular, it gives more flexi-
bility to generate and to refine the computational mesh,
it provides a more accurate description of the geometry,
and it allows an easy treatment and refinement of spaces
with high approximation order and high smoothness, lead-
ing to a higher accuracy per degree-of-freedom. IgA has
been successfully applied in various areas (see, e.g., [6, 14]
and references therein), and it is rapidly becoming a main-
stream analysis methodology and a new paradigm for ge-
ometric design [22].

In its original formulation, IgA is based on tensor-
product B-splines and their rational version NURBS. The
main advantages of tensor-product B-splines/NURBS are
their easy implementation and computational efficiency,
regardless of the dimensionality of the problem. Unfor-
tunately, the tensor-product structure has also few draw-
backs. First of all, (single-patch) NURBS lack an adequate
local refinement. Moreover, they fail a proper modeling of
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complex geometries and require the use of singular geom-
etry maps to represent physical domains having no “box-
like shape”. These are, in the bivariate setting for example,
domains having a number of corners different from four.
Yet, the quality of the parameterization plays a crucial
role in IgA, because it has a significant impact on the sim-
ulation results and the efficiency of the computations, see
[21, 26, 32] and references therein.

Nevertheless, the advantages of IgA are not a distin-
guishing feature of tensor-product B-splines/NURBS. A
powerful alternative is the use of splines over triangula-
tions in IgA. This offers a natural solution to efficient lo-
cal refinement strategies [2, 15, 28, 29, 31] as well as to
high-quality parameterizations [26]. However, the full flex-
ibility of smooth spline spaces over general triangulations
comes at a certain price: it requires quite involved im-
plementations when no suitable (B-spline-like) bases are
considered, and the treatment of high-dimensional prob-
lems can be quite cumbersome both from the theoretical
and computational point of view.

As an intermediate step between the simplicity of tensor-
product splines and the richness and flexibility of splines
over general triangulations, in this paper we investigate
the use of spline spaces over regular triangulations as a
tool in numerical simulation. In particular, we focus on
box splines over three-directional meshes in the frame of
(isogeometric) Galerkin methods.

Box splines are multivariate generalizations of univariate
cardinal B-splines, i.e. B-splines with uniform knots, see
[7, 4, 8, 20]. They enjoy the same properties as (cardinal)
B-splines: piecewise polynomial structure, compact sup-
port, positivity, recurrence relation and convolution prop-
erties. A d-variate box spline is determined by (possibly
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