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a b s t r a c t

This paper discusses the FPGA implementation of the fractional-order derivative as well as two
fractional-order chaotic systems where one of them has controllable multi-scroll attractors. The complete
hardware architecture of the Grünwald-Letnikov (GL) differ-integral is realized with different memory
window sizes. As an application of the proposed circuit, a complete fractional-order FPGA implementa-
tion of Liu chaotic system is introduced with different fractional-orders. Moreover, a fractional-order con-
trollable heart and V-shape multi-scrolls chaotic systems are verified in the case of symmetric and
asymmetric cases. Different interesting attractors are realized under various parametric changes with
distinct step sizes for different fractional-orders. To verify the chaotic behavior of many generating
attractors, the Maximum Lyapunov Exponent (MLE) is calculated for such systems. The designs have been
simulated using Xilinx ISE 14.5 and realized on Xilinx FPGA Virtex 5 XC5VLX50T . The achieved through-
puts are: 4.4 Gbit/s for GL, 1.986 Gbit/s for Liu system, and 2.921 Gbit/s for V-Shape multi-scroll attractor.

� 2017 Elsevier GmbH. All rights reserved.

1. Introduction

In 1960s, Lorenz has described the chaos phenomenon by intro-
ducing the butterfly attractor which is highly sensitive to initial
conditions [1]. A small change in the system parameters leads to
a huge difference in its behavior. Inspired by Lorenz attractor,
many researchers developed different chaotic attractors and
implemented simple circuits for exhibiting these nonlinear
dynamical phenomena [2,3]. Chaos emerges in many applications
such as signal generators [4], synchronization [5], random number
generator [6,7], communication security [8] and others [9,10].
Nowadays, there is a great need to have secure data especially in
IOT related applications which inspired the researchers to develop
more complicated chaotic systems [8]. Multi-scrolls attractor
[11,12] is considered one of these complicated systems. Also, more
complexity is achieved by generalizing the conventional integer-
order systems into the fractional-order domain [13]. One of the
advantages of fractional-order chaotic systems is the added param-
eters that can be used to extend the encryption key.

Before fractional calculus was introduced, systemmodeling was
confined to the integer order domain. This restriction often caused
either imprecise models of low order or extremely complex higher
order ones. However, these exact systems could now be described
with higher accuracy and fewer number of parameters. Also, the
non-locality property of most fractional calculus operators allowed
modeling of systems exhibiting memory dependency more accu-
rately. Moreover, variable order fractional operators add more
degrees of freedom to model systems with changing models in
time, space or both. All these interesting features inspired
researcher to utilize this new tool in many areas such as: control
[14,15], bioengineering [16,17], PV modeling [18], analog filters
[19–23], oscillators [24–26], stability analysis [27], Smith chart
[28], chaotic systems [29], super-capacitor modeling [30] and vis-
coelasticity [31].

Fractional-order systems are complicated to translate into
hardware due to their memory dependency that requires the use
of high-order integer order systems. Field Programmable Gate
Array (FPGA) technology is suitable for implementing complex
systems. That is why hardware implementation of fractional-
order differentiators and integrators requires careful consideration
of some issues such as system quality, hardware cost and speed.
Recent approaches in technology have made digital hardware
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implementations less expensive, faster, and easier to design. The
FPGA is an efficient platform to implement high quality, high
throughput approximations to fractional order systems that are
low in cost and require only short design times [32].

There have been several trials in the literature to implement
fractional order operators on FPGAs [32–36]. A high order Finite
Impulse Response (FIR) filter or a sum of first-order Infinite
Impulse Response (IIR) sections were used to implement the frac-
tional order operator in [32–34]. In [35], LabVIEW was used for the
implementation of fractional order integrator/differentiator on
FPGA. The design based on LabVIEW does not optimize the hard-
ware resources on FPGA. Another FPGA implementation was intro-
duced in [36] based on the short memory principle by Podlubny
[37].

The aim of this work is to provide a more compact hardware
implementation of the Grünwald-Letnikov’s (GL) fractional order
differ-integral operator and then use it as a building block to sim-
ulate systems of fractional order chaotic differential equations effi-
ciently on FPGAs. The paper also aims to investigate the effect of
the fractional order, memory window length and other parameters
on the MLE of the implemented systems. These systems are estab-
lished on Xilinx FPGA Virtex 5 XC5VLX50T. The proposed design
utilizes the parallel structure and the flexibility of FPGAs to pro-
duce high-performance and yet low-cost implementations with
faster delay times than the ones reported in literature.

This paper is organized as follows, Section 2 presents a sum-
mary of the GL fractional order operator and its FPGA implementa-
tion. Liu system discussion and hardware implementation are
introduced in Section 3. Controllable V-shape multi-scroll system
discussion and the circuit are illustrated in Section 4, and finally
Section 5 concludes the work.

2. Implementation of fractional order derivative

2.1. Grünwald-Letnikov’s theoretical analysis

The GL definition of the fractional order derivative is [37]:
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In order to implement this operator on the FPGA, an approxi-
mate FIR version of length L is given by:
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where h is the step size, L is the window size. According to the short
memory principle, the error in calculating this approximated
derivative is bounded by [37]:

DðtÞ ¼ jaGLDa
t f ðtÞ � t�L

GLDa
t f ðtÞj 6
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where ðaþ L < t < bÞ and jf ðtÞj < M when a < t < b. So, it can be
inferred that the error is reduced by increasing the window size.

Fig. 1 shows how the magnitude of the wðaÞ
j decreases with increas-

ing j. It can be seen that the dependency on past values of the func-
tion decreases as the order a approaches the integer value.

The general form of a fractional order system of three differen-
tial equations is given as:

Dq1x ¼Pðx; y; z; tÞ; ð5aÞ
Dq2y ¼Qðx; y; z; tÞ; ð5bÞ
Dq3z ¼Rðx; y; z; tÞ: ð5cÞ

To simulate this system based on GL definition, the following
set of equations are used [13]:

xtk ¼P xðtk�1Þ; yðtk�1Þ; zðtk�1Þð Þhq1 �
Xm
j¼1

wðq1Þ
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ytk ¼Q xðtk�1Þ; yðtk�1Þ; zðtk�1Þð Þhq2 �
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where m ¼ L for the approximated window variation of GL operator
and m ¼ k when the entire state memory is used in calculations.
This approach is quite similar to Euler method for integer order DEs.

2.2. Grünwald-Letnikov’s FPGA implementation

GL equation consists of two parts, the first is the binomial coef-
ficients in (2), which is implemented by using look up table (LUT)
to store the coefficients. The second part depicted in Fig. 2 is the
dot product of the row and column vectors presented by (3). From
Fig. 2, each input is multiplied by all the binomial coefficients. The
implementation of the proposed GL design is explained through
the flowchart depicted in Fig. 3. Two LUTs are required, the first
one stores the binomial coefficients w0 to wn, and the second one
stores the output of the addition from Vinw1 þ d1 to Vinwn þ dn.
The input signal is multiplied with all the binomial coefficients that
are stored in the first LUT then the output is added to the data pre-
viously stored in the second LUT. The first results of the addition,
ðVinw0 þ d0Þ is not stored and directly taken as an output. The rest
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Fig. 1. The value of the binomial coefficient weights at (a) a ¼ 0:7 and (b) a ¼ 0:9.

Fig. 2. Row and column vector dot products output.
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