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a b s t r a c t

We propose a robust widely linear (WL) beamformer for noncircular (NC) signals in the presence of angle
of arrival (AOA) errors or array random perturbations. In our beamformer, the block conjugate structure
of covariance matrix is exploited to avoid updating the full weight vector, which reduces the computa-
tional loads. We add a variable diagonal loading term in the weight vector to improve the robustness
of theWL beamformer. Moreover, the orthogonality constraint of block matrix is not required to calculate
the amount of diagonal loading. Computer-simulation results show that the proposed WL beamforming
provides improved performance over the conventional linear beamformers for NC signals in the presence
of AOA errors and array random perturbations.

� 2017 Elsevier GmbH. All rights reserved.

1. Introduction

Beamforming is a versatile approach to enhance the desired sig-
nal and alleviate the interference and noise in array processing. It
has played an important role in many applications such as radar,
sonar, and wireless communications [1–3]. The linearly con-
strained minimum power (LCMP) beamforming has been widely
used in beamforming design [1]. It selects the weight vector adap-
tively to minimize the array output power subject to the linear
constraint. Therefore LCMP beamforming has good resolution and
interference rejection capability [1,4].

Generalized sidelobe canceling (GSC) beamforming is an impor-
tant approach to implement the LCMP beamforming [1,4–6]. It can
effectively reduce the computational costs, especially imple-
mented with adaptive algorithms [5,6]. Furthermore, it uses an
unconstrained rather than a constrained algorithm to adapt the
weights, which converges faster [1,5,6].

Numerous LCMP beamformer algorithms have been proposed
in the framework of GSC structure. For example, a robust GSC
beamformer with feedback filter was proposed to deal with the
mismatch between the estimated and actual angle of arrival
(AOA) in [5]. However, when the directions of the desired signal
and interference sources change over time, direct application of
this GSC to the non-stationary signal environment may lead to

divergence. Lee et al. [7] combined the Householder transforma-
tion and least mean square algorithm for the feedback GSC, which
was effective in non-stationary scenario. In the framework of GSC
structure, Tian et al. [8] presented LCMP beamforming with a
quadratic inequality constraint against the angle of arrival (AOA)
errors and array random perturbations. In their approach, a vari-
able diagonal loading term was added to improve the robustness
of the beamformer. However, they considered linear beamformer,
which is not optimal for the noncircular (NC) signals. And the
blocking matrix is assumed to be orthogonal for calculating the
diagonal loading term. These motivate our work.

We propose a widely linear (WL) variable diagonal loading
beamforming to improve the performance for the mismatch of
noncircular (NC) signals. NC signals, such as binary-phase-shift-
keying(BPSK), amplitude-shift keying(ASK), minimum-shift-key-
ing(MSK) and Gaussian-minimum-shift-keying (GMSK), have been
widely used in modern communication systems [9,10,12]. In order
to improve the performance of beamforming for the NC signals, we
adopt the WL technique, i.e., both the original signal and its conju-
gate analogue are considered to propose the beamformers [9–
11,13,14]. Moreover, no orthogonality constraint is required for
the block matrix in our method and the computational costs of
our beamformer are reduced by avoiding updating the full matrix.
Therefore, our method can be regarded as the generalization of [8]
to NC signals.

The remainder of this paper is organized as follows. In Section 2,
we present the LCMP beamforming and its GSC implementation. In
Section 3, we present the computationally-efficient WL recursive
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least squares beamformer in GSC structure. Based on this
computationally-efficient beamformer, we propose the variable
diagonal loading WL beamformer against the mismatch for the
NC signals in Section 4. At the end of this section, we compare
the proposed approach with other beamformers in term of compu-
tational complexity. The performance and parameter discussion
are provided in Section 5. Conclusions are drawn in Section 6.

The following notations are used throughout the paper. Matri-
ces and vectors are represented by bold upper-case and bold
lower-case characters, respectively. The superscripts ð�Þ� , ð�ÞT ,

ð�ÞH and ð�Þ�1 stand for conjugate, transpose, conjugate transpose
and matrix inverse, respectively. IM and 0M�L denote the M �M
identity matrix and M � L zero matrix. The �k k stands for the Eucli-
dean norm. The R �½ � denotes the real part of a complex.

2. GSC beamforming

Consider a uniform linear array with M omnidirectional sensors
and an adjacent sensor spacing d. Suppose that there are
J þ 1ðJ þ 1 6 MÞ narrowband signals with wavelength s impinging
upon the arrays from the far field with angles h0; h1; . . . ; hJ . Then the
kth snapshot vector xðkÞ can be described by [1,8]

xðkÞ ¼ s0ðkÞaðh0Þ þ
XJ

j¼1

sjðkÞaðhjÞ þ vðkÞ; k ¼ 1;2; . . . ;N ð2:1Þ

where xðkÞ ¼ x1ðkÞ; x2ðkÞ; . . . ; xMðkÞ½ �T is the sensor output vector.
Here s0ðkÞ and sjðkÞ; j ¼ 1;2; . . . ; J are the signal of interest (SOI)
and the jth interference signals at instant k,respectively. The vector

aðhjÞ ¼ ½1; eiWj ; . . . ; eiðM�1ÞWj �T is the array steering vector where
Wj ¼ 2p

s d sinðhjÞ; j ¼ 0;1; . . . ; J . The vector vðkÞ is the noise vector

denoted by vðkÞ ¼ v1ðkÞ;v2ðkÞ; . . . ;vMðkÞ½ �T .
LCMP has been widely used in beamforming design. It can be

formulated as the following optimization problem [1,8]

w ¼ argmin wHRxw s:t: CHw ¼ f ; ð2:2Þ

where Rx ¼ E xðkÞxHðkÞ� �
is the covariance matrix, C is a L�M-

dimensional constraint matrix and f is a L� 1-dimensional vector.
GSC beamforming is an important approach to implement the LCMP
beamforming. In the GSC beamforming, the weight w is written as
the combinations of wq and wa by

w ¼ wq � Bwa; ð2:3Þ

where the fixed weight

wq ¼ C CHC
� ��1

f ð2:4Þ

is the component in the constraint subspace, and the adaptive
weight wa is updated by the optimal problem

min E ypðkÞ
�� ��2h i

; ð2:5Þ

where

ypðkÞ ¼ wH
q xðkÞ �wH

a zðkÞ ¼ wq � Bwa
� �HxðkÞ: ð2:6Þ

The full column rank M � ðM � LÞ-dimensional matrix B in (2.3)
is the blocking matrix which is orthogonal to the constraint matrix
C , i.e., BHC ¼ 0ðM�LÞ�L. If the blocking matrix B satisfies the orthog-

onal condition BHB ¼ IðM�LÞ, the matrix B is called the orthogonal
blocking matrix.

3. Widely linear GSC beamforming

Although the conventional adaptive beamformer has been
shown to be optimal for circular sources [1], it becomes suboptimal
for NC signals because the properties of the NC signals have not yet
been completely exploited [10,12]. As a remedy, both the covari-
ance Rx ¼ E xðkÞxHðkÞ� �

and the complementary covariance matrix
Qx ¼ E xðkÞxTðkÞ� �

are taken into account in WL beamforming. To
exploit the information of Qx, we define the augmented vector
~xðkÞ by combing xðkÞ and its complex conjugate x�ðkÞ as follows:

~xðkÞ ¼ xTðkÞ; xHðkÞ� �T ð3:1Þ

Then the output of the branch via the weight ~wq can be written
as

~ycðkÞ ¼ ~wH
q
~xðkÞ: ð3:2Þ

where

~wq ¼ wT
q ;w

H
q

� �T
ð3:3Þ

and wq is given by (2.4). Since

zðkÞ ¼ BHxðkÞ; ð3:4Þ

we have

z�ðkÞ ¼ ðBHÞ�x�ðkÞ: ð3:5Þ
Combining (3.4) and (3.5), we obtain

~zðkÞ ¼ ~BH~xðkÞ; ð3:6Þ
where

~zðkÞ ¼ zðkÞ
z�ðkÞ

	 

; ~B ¼ B 0M�ðM�LÞ

0M�ðM�LÞ B�

	 

: ð3:7Þ

Then the output of the branch via the adaptive weight ~wa can be
expressed by

~ybðkÞ ¼ ~wH
a
~zðkÞ ¼ ð~B ~waÞH~xðkÞ: ð3:8Þ

Combing (3.2) and (3.8), we obtain the output of WL GSC as
follows

~ypðkÞ ¼ ~ycðkÞ � ~ybðkÞ ¼ ð ~wq � ~B ~waÞH~xðkÞ: ð3:9Þ
The structure of the proposed widely linear GSC beamformer is

described by Fig. 1.
For the proposed WL GSC beamformer, the adaptive weight ~wa

is determined by minimizing

min E ~ypðkÞ
�� ��2h i

: ð3:10Þ

The solution of (3.10) can be written as

~wa ¼ ~R~z

� ��1
~p~z; ð3:11Þ

Here, the 2ðM � LÞ � 2ðM � LÞ matrix ~R~z ¼ E ~zðkÞ~zHðkÞ� �
is the

covariance matrix of ~zðkÞ and ~p~z ¼ E ~y�cðkÞ~zðkÞ
� �

denotes the
2ðM � LÞ � 1 cross-correlation vector with ~zðkÞ and ~ycðkÞ.

Many algorithms can be used to update ~wa in (3.11) recursively,
such as the least mean square (LMS) [1], normalised LMS (NLMS)
[15], conjugate gradient (CG) [16] and recursive least squares
(RLS) [1]. We choose the RLS algorithm to update ~wa for its fast
convergence speed in this paper. The estimation of covariance
matrix ~R~z at time k is given by
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