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a b s t r a c t

In two-dimensional (2-D) direction-of-arrival (DOA) estimation, paring the azimuth and elevation angles
of multiple sources is an important issue. In this letter, we propose a new automatically paired 2-D DOA
estimation method by designing the geometry of two antenna subarrays and using the propagator
method (PM). A special geometry between two parallel uniform linear arrays (ULAs) with a position dis-
placement on the axial direction is proposed to facilitate the elevation and azimuth pairing and estima-
tion. The simulation results have shown that the proposed method can achieve the same 2-D DOA
estimation performance as the existing methods, while the complexity is reduced considerably.

� 2016 Elsevier GmbH. All rights reserved.

1. Introduction

The direction-of-arrival (DOA) estimation is one of the impor-
tant problems in many fields, such as wireless communication,
radar, and sonar [1–5]. In recent years, a number of methods have
been widely used in DOA estimation, including multiple signal
classification (MUSIC) [6–9], estimation of signal parameters via
rotational invariance techniques (ESPRIT) [10–12] and the propa-
gator method (PM) [12–14]. Two-dimensional (2-D) DOA estima-
tion involves the estimation of both the azimuth and elevation
angles, which provide the full information of signal direction in
three-dimensional space [15–18]. One important issue of 2-D
DOA estimation is the joint and paired estimation of the azimuth
and elevation angles. In [14], a PM-based 2-D DOA estimation
method has been proposed for two parallel uniform linear arrays
(ULAs), but it needs an extra pairing match progress to pair the azi-
muth and elevation angles. Ref. [19] has proposed an improved 2-D
DOA estimation method for two parallel ULAs by using PM, and it
uses the relation of submatrices to indirectly pair the azimuth and
elevation angles to reduce the complexity, but it still needs some

extra computation to obtain the estimate of the final paired angles.
Ref. [20] has proposed a 2-D DOA estimation method by using
ESPRIT for two shifted parallel ULAs and directly pairing the azi-
muth and elevation angles, but it has higher complexity and can
be only used with a specific array geometry.

In this letter, we propose a new automatically paired 2-D DOA
estimation method by using PM. The arrays structure in this letter
is two parallel ULAs with a position displacement. The direction
matrices of the arrays structure can be decomposed to produce
two special diagonal submatrices which can be used to directly
pair the azimuth and elevation angles and thus reduce the estima-
tion complexity. By using the Euler’s formula and adding the diag-
onal matrices together, we can obtain a new diagonal matrix
whose diagonal elements contains the paired azimuth and eleva-
tion angles in both the magnitude and phase terms. Then the PM
and the eigenvalue decomposition are used to estimate the paired
2-D DOA.

The rest of this letter is organized as follows. The system model
is reviewed in Section 2. In Section 3, the details of the proposed
method are described. Section 4 gives the simulation results, and
Section 5 concludes the paper.
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2. System model

It is assumed that there are K far-field narrowband radio fre-
quency sources whose radio waves impinge on the planar arrays
as shown in Fig. 1. Two parallel ULAs are located in the X-Y plane
with the array structure shown in Fig. 2. The spacing between
two parallel ULAs is dy, and the interelement spacing of each ULA
is dx, which satisfies dx=2dy. Unlike the parallel ULAs structure con-
sidered in [14,19,20], the two parallel ULAs have a position dis-
placement dc on the Y-coordinate. The position coordinates of
elements in the first array are ðdx � i;0Þ;0 6 i < M, while they are
ðdx � i� dc; dyÞ; 0 6 i < M þ 1, in the second array.

Suppose that hk and /k are the elevation and azimuth angles of
the kth source. Then the output of the two parallel ULAs can be
written as:

x1ðtÞ ¼ ½x1ðtÞ; x2ðtÞ; . . . ; xMðtÞ�T ¼ A1sðtÞ þ n1ðtÞ; t ¼ 1;2; . . . ;N;

ð1Þ

x2ðtÞ ¼ ½xMþ1ðtÞ; xMþ2ðtÞ; . . . ; x2Mþ1ðtÞ�T ¼ A2U2sðtÞ þ n2ðtÞ;
t ¼ 1;2; . . . ;N; ð2Þ

where N is the number of snapshots, sðtÞ ¼ ½s1ðtÞ;
s2ðtÞ; . . . ; sKðtÞ�T ; skðtÞ is the kth source signal and the number of
sources (i.e. K) is assumed as a known priori. A1 ¼ ½aMðh1;/1Þ;
aMðh2; /2Þ; . . . ; aMðhK ; /KÞ�; A2 ¼ ½aMþ1ðh1; /1Þ; aMþ1ðh2; /2Þ; . . . ; aMþ1

ðhK ; /KÞ�, aMðhk; /kÞ ¼ ½1; expð�j2p dx
k akÞ; expð�j2p 2dx

k akÞ; . . . ; exp
ð�j2p ðM�1Þdx

k akÞ�T , and aMþ1ðhk; /kÞ ¼ ½1; expð�j2p dx
k akÞ; exp

ð�j2p 2dx
k akÞ; . . . ; expð�j2p ðM�1Þdx

k akÞ; expð�j2p Mdx
k akÞ�T , where

expð�Þ is the natural exponential function, ak ¼ cos /k sin hk; k is
the wavelength of the source signal and dx 6 k=2, is assumed. U2

is the diagonal matrix and U2 ¼ diag exp �j2pðdyk b1 � dc
k a1Þ

� �
;

h
exp �j2pðdyk b2 � dc

k a2Þ
� �

; . . . ; exp �j2pðdyk bK � dc
k aKÞ

� �
�, where

bk ¼ sin /k sin hk. n1ðtÞ and n2ðtÞ are the white Gaussian noise with
zero means and covariance matrices r2IM and r2IMþ1, respectively.
Here IM is the identity matrix of size M. It is assumed that the K
sources signals are uncorrelated with each other and noise.

3. 2-D auto-paired angle estimation method

3.1. Auto-paired DOA estimation using PM

Let X21ðtÞ and X22ðtÞ be two vectors which contain the first M
components and the last M components of X2ðtÞ respectively. That
is, X21ðtÞ ¼ ½xMþ1ðtÞ;xMþ2ðtÞ; . . . ;x2MðtÞ�T ;X22ðtÞ ¼ ½xMþ2ðtÞ;xMþ3ðtÞ; . . . ;
x2Mþ1ðtÞ�T . It is clear that X21ðtÞ and X22ðtÞ can be expressed as:

X21ðtÞ ¼ A1U2sðtÞ þ n21ðtÞ; ð3Þ

X22ðtÞ ¼ A1U3U2sðtÞ þ n22ðtÞ ¼ A1U1sðtÞ þ n22ðtÞ; ð4Þ
where n21 and n22 are the white Gaussian noise vectors of zero
means and covariance matrix r2IM , and U1 ¼ diag exp½
�j2pðdyk b1 þ dx�dc

k a1Þ
� �

; exp �j2pðdyk b2 þ dx�dc
k a2Þ

� �
; . . . ; exp �j2pð

ðdyk bK þ dx�dc
k aKÞÞ�;U3 ¼ diag expð�j2p dx

k a1Þ; expð�j2p dx
k a2Þ; . . . ; exp

�
ð�j2p dx

k aKÞ�.
Now define the array out as:

YðtÞ ¼ x1ðtÞ
x21ðtÞ þ x22ðtÞ
� �

¼ A1

A1ðU1 þU2Þ
� �

sðtÞ þ n1ðtÞ
n21ðtÞ þ n22ðtÞ
� �

¼ AsðtÞ þ nðtÞ; ð5Þ

where A 2 C2M�K ;A1 2 CM�K ;U1 þU2 2 CK�K . Then the estimation
of covariance matrix of the array output can be written as:

RY ¼ 1
N

XN
t¼1

YðtÞYHðtÞ ¼ ½R1 R2�; ð6Þ

where R1 2 C2M�K ;R2 2 C2M�ð2M�KÞ;R1 and R2 are the submatrices of
RY . The propagator matrix P 2 CK�ð2M�KÞ, can be estimated by the
minimization problem as [19]:

P ¼ ðRH
1R1Þ�1

RH
1R2; ð7Þ

Define the matrix PX 2 C2M�K as:

PX ¼ IK�K

P

� �
¼ P1

P2

� �
; P1 2 CM�K ;P2 2 CM�K ; ð8Þ

Let Ac 2 CK�K be the first K rows of A;Ad 2 Cð2M�KÞ�K is the other
2M � K rows of A. According to the illustration of A1, it is clear that
Ac is a Vandermonde matrix and the determinant of Ac [21] is
det Acð Þ ¼ Q

16i<j6K
expð�j2p dx

k aiÞ � expð�j2p dx
k ajÞ

� �
. Since it is virtu-

ally impossible that the direction of one source, ð/i; hiÞ, is exactly
the same as that of another source, ð/j; hjÞ, and ak ¼ cos/k sin hk,
it can be generally assumed that ai – aj, and detðAcÞ – 0. Therefore,
Ac is assumed as a non-singular matrix [12,14,19]. For the propaga-
tor matrix P, it has [19]:

PHAc ¼ Ad; ð9Þ
Using (5), (8) and (9) produces:

PXAc ¼
P1

P2

� �
Ac ¼

IK�K

PH

� �
Ac ¼

Ac

Ad

� �
¼ A ¼ A1

A1ðU1 þU2Þ

� �
;

ð10Þ

Fig. 1. Coordinate system for 2-D DOA estimation.

Fig. 2. Illustration of the array geometry.
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