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a  b  s  t  r  a  c  t

Differential  evolution  (DE) is an  efficient  and  robust  evolutionary  algorithm,  which  has  been  widely
applied  to  solve  global  optimization  problems.  As  we know,  crossover  operator  plays  a very important
role  on  the performance  of DE.  However,  the  commonly  used  crossover  operators  of  DE  are  dependent
mainly  on  the coordinate  system  and  are  not  rotation-invariant  processes.  In this  paper,  covariance
matrix  learning  is presented  to establish  an  appropriate  coordinate  system  for  the  crossover  operator.
By  doing  this,  the  dependence  of DE  on the coordinate  system  has  been  relieved  to  a  certain  extent,
and  the  capability  of DE to solve  problems  with  high  variable  correlation  has been  enhanced.  More-
over,  bimodal  distribution  parameter  setting  is  proposed  for  the  control  parameters  of  the  mutation  and
crossover  operators  in this  paper,  with the aim  of balancing  the exploration  and  exploitation  abilities
of  DE.  By  incorporating  the  covariance  matrix  learning  and  the bimodal  distribution  parameter  setting
into  DE,  this  paper  presents  a novel  DE  variant,  called  CoBiDE.  CoBiDE  has  been  tested  on  25  benchmark
test  functions,  as  well  as  a variety  of  real-world  optimization  problems  taken  from diverse  fields  includ-
ing  radar  system,  power  systems,  hydrothermal  scheduling,  spacecraft  trajectory  optimization,  etc.  The
experimental  results  demonstrate  the  effectiveness  of  CoBiDE  for  global  numerical  and  engineering  opti-
mization.  Compared  with  other  DE  variants  and  other  state-of-the-art  evolutionary  algorithms,  CoBiDE
shows  overall  better  performance.

©  2014  Elsevier  B.V.  All  rights  reserved.

1. Introduction

Differential evolution (DE), proposed by Storn and Price [1,2]
in 1995, has become a hotspot in the community of evolutionary
computation. Similar to other evolutionary algorithms (EAs), DE is a
population-based optimization algorithm. In DE, each individual in
the population is called a target vector. DE produces a mutant vec-
tor by making use of the mutation operator, which perturbs a target
vector using the difference vector of other individuals in the pop-
ulation. Afterward, the crossover operator is applied to the target
vector and the mutant vector to generate a trial vector. Finally, the
trial vector competes with its target vector for survival according to
their objective function values. Due to some advantages, e.g., simple
structure, ease of implementation, and fast convergence speed, DE
has been widely applied to some fields of science and engineering,
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such as cluster analysis [3], robot control [4], controller design [5],
and graph theory [6].

It is noteworthy that in DE, the crossover operator depends
mainly on the coordinate system and the distribution information
of the population is usually unreasonably ignored. Moreover, the
crossover operator of DE can be considered as a discrete recom-
bination [7], and thus, the interactions among variables have not
been systematically studied. As a result, DE often loses its effec-
tiveness and advantages when solving problems with high variable
correlation.

In addition, DE is sensitive to its two  main control parameters:
the scaling factor F and the crossover control parameter CR.  These
two control parameters have a significant impact on the perfor-
mance of DE. Moreover, different control parameter settings show
different characteristics [8]. For example, a larger F is effective for
global search; however, a smaller F can accelerate the convergence.
On the other hand, a larger CR results in higher diversity of the pop-
ulation, since the trial vector will inherit more information from the
mutant vector. However, a smaller CR focuses on local exploitation
since the target vector will contribute more information to the trial
vector. Indeed, it is still an open issue to choose suitable settings of
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F and CR to balance the exploration and exploitation of DE during
the evolution.

Based on the above considerations, in this paper, we  present
a novel DE, referred as CoBiDE, including two main components:
covariance matrix learning and bimodal distribution parameter
setting. In CoBiDE, the covariance matrix learning establishes a
coordinate system according to the current population distribution,
and then the crossover operator is applied according to the coordi-
nate system thus built to generate the trial vector. Furthermore, in
CoBiDE, both F and CR are produced according to a bimodal distri-
bution composed of two Cauchy distributions, the aim of which is to
balance the global exploration and the local exploitation during the
evolution. CoBiDE has been tested on 25 benchmark test functions
developed for the 2005 IEEE Congress on Evolutionary Computation
(IEEE CEC2005) [9], as well as a variety of real-world application
problems [10]. The experimental results suggest that the perfor-
mance of CoBiDE is better than that of four other DE variants and
three other state-of-the-art EAs.

The remainder of this paper is organized as follows. Section
2 briefly introduces DE and its operators. Section 3 reviews the
related work and four main research directions of DE. Then, CoBiDE
is presented in Section 4. The experimental results are given in
Section 5. Section 6 concludes this paper.

2. Differential evolution (DE)

DE is a population-based heuristic search algorithm. Similar to
other EAs, DE contains three basic operators: mutation, crossover,
and selection. Firstly, DE produces an initial population by ran-
domly sampling several points (each point is called a target vector)
from the search space:

P0 = {�xi,0 = (xi,1,0, xi,2,0, . . .,  xi,D,0), i = 1, 2, . . .,  NP} (1)

where NP denotes the population size and D denotes the number
of variables.

At each generation G, a mutant vector �vi,G =
(vi,1,G, vi,2,G, . . .,  vi,D,G) (i ∈ 1, 2, . . .,  NP)  is produced by the muta-
tion operator for each target vector �xi,G . Afterward, the crossover
operator is implemented on the mutant vector and the target
vector to generate a trial vector �ui,G = (ui,1,G, ui,2,G, . . .,  ui,D,G)
(i ∈ 1, 2, . . .,  NP). The crossover operator and the mutation oper-
ator together are called trial vector generation strategy. The
selection operator of DE is based on a one-to-one competition
between the target vector and the trial vector.

Next, the mutation, crossover, and selection operators are
introduced.

2.1. Mutation operator

The commonly used mutation operator can be formulated as
follows:

�vi,G = �xr1,G + F · (�xr2,G − �xr3,G) (2)

where r1, r2, and r3 are mutually different integers randomly cho-
sen from [1, NP]  and also different from i, and F is the scaling factor.

2.2. Crossover operator

The crossover operator combines the mutant vector �vi,G with
the target vector �xi,G to generate a trial vector �ui,G:

ui,j,G =
{

vi,j,G, if randj(0,  1) ≤ CR or j = jrand

xi,j,G, otherwise
(3)

where jrand is a random integer between 1 and D, resulting in the
trial vector being different from the target vector by at least one

dimension, randj(0, 1) is a uniformly distributed random number
between 0 and 1, and CR is the crossover control parameter.

Based on Eq. (3), it is clear that the trial vector is a vertex of
the hyper-rectangle defined by the mutant and target vectors [11].
Moreover, since the information of the trial vector is provided by
the mutant vector or the target vector, the crossover operator is
dependent on the coordinate system.

2.3. Selection operator

The selection operator of DE adopts a one-to-one competition
between the target vector �xi,G and the trial vector �ui,G . If the objec-
tive function value of the trial vector is less than or equal to that
of the target vector, then the trial vector will survive into the next
generation, otherwise, the target vector will enter the next gener-
ation:

�xi,G+1 =
{

�ui,G, if f (�ui,G) ≤ f (�xi,G)

�xi,G, otherwise
(4)

3. The related work

During the past fifteen years, DE has attracted much attention
by the researchers [12]. The current studies of DE mainly focus on
the following four aspects: (1) improving the trial vector generation
strategy, (2) adapting the control parameter setting, (3) hybridiz-
ing with other techniques, and (4) integrating multiple trial vector
generation strategies with multiple control parameter settings.

3.1. Improving the trial vector generation strategy

Fan and Lampinen [13] proposed a trigonometric mutation
operator and embedded it into DE to design a new method called
TDE. In TDE, a probability parameter Mt is utilized to balance the
trigonometric mutation operator and the original mutation opera-
tor of DE. The trigonometric mutation can be considered as a local
search operator, which is able to enhance the convergence veloc-
ity of DE. The performance of TDE has been evaluated on two  test
functions and two practical problems.

Zhang and Sanderson [14] presented an improved current-to-
best/1 operator, called current-to-pbest/1, which can be formulated
as follows:

�vi,G = �xi,G + Fi · (�xp
best,G

− �xi,G)

+Fi · (�xr1,G − �x′
r2,G), i ∈ {1, 2, . . .,  NP}  (5)

where �xp
best,G

is randomly chosen from the best 100p% individuals
in the current population, and p is chosen from (0, 1]. Moreover,
the previously generated offspring, which cannot survive into the
next population, have been stored into a predefined archive. The
individual �x′

r2,G in Eq. (5) is randomly chosen from the union of
the archive and the current population. As analyzed in [14], the
advantages of the current-to-pbest/1 operator are twofold: (1) the
information of multiple best individuals can balance the greediness
of the mutation and the diversity of the population, and (2) the
difference between the recently explored inferior individuals and
the current population may  represent promising directions toward
the global optimum.

Das et al. [15] proposed a neighborhood-based mutation
operator, which contains two parts: global neighborhood-based
mutation and local neighborhood-based mutation. In the method
proposed by Das et al. [15], two trial vectors are produced by
the global and local neighborhood-based mutation. Moreover,
these two  trial vectors are combined to form the actual trial
vector by using a weight factor. Clearly, the main aim of the
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