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1. Introduction and main results

In this paper, we consider the following semilinear elliptic equation

div(|x] 7>V u___ uPu A Q
— 1V(|X| u)—ﬂw—w-’- f(X,u), X € s (.l)
u= O, X e 39,
where £2 is an open bounded domain in RV (N > 3) with C? boundary 92 and 0 € 92,0 < a < /Ii, & 2 @, 0<uc<
4 2 2N

(Vi—ay,a<b<a+1,p=pab)= Wia—b) is the critical weighted Hardy-Sobolev exponent and 2* 2 pla,a) = 3=
is the critical Sobolev exponent, . > 0 is a real parameter and f € C(£2 x R*, R). Since we consider the existence of positive
solutions of the problem (1), it is obvious that the values of f(x, t) for t < 0 are irrelevant, so we may define f(x, t) = 0 for
xef2,t=<0.

The problem (1) has the following form

— div (A(x)Vu) = g(x, u), (2)

where A(x) is a nonnegative function which may be unbounded at some points. It is well known that Eq. (2) arises from the
consideration of standing waves in the anisotropic Schrédinger equation. If a = b = u = 0 and f(x, u) = u, Eq. (1) reduces
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to
—Au = |u|2*’2u +Au, xe€ 82,
u >0, X € £, (3)
u=020, x € 0s2,

which has been studied in the celebrated paper [1].

In recent years, much attention has been paid to the singular elliptic problems with critical weighted Hardy-Sobolev
exponents (the case that a £ 0,b # 0) or critical Hardy-Sobolev exponents (the case that a = 0,b # 0) (see [2-10]
and so on), mainly when 0 € 2. For example, in [4], Song and Tang considered the multiple of positive solutions for Robin
problem involving critical weighted Hardy-Sobolev exponents with boundary singularities. In [6], Nyamoradi studied the
multiplicity of positive solutions to some weighted nonlinear elliptic system involving critical exponents. For the boundary
singularities problems (0 € 942), which have been studied by a lot of researchers yet (see [ 11-14] and the references therein).
In particular, let us recall that, in [ 11], Shang considered the following semilinear elliptic problem:

u |u|2*(5)72

_AU_MW :TU—H\“X’ u), xe§2, (4)

u=20, X € 0S2.

By Ekeland’s variational principle and Mountain Pass Lemma, he proved existence of two positive solutions when X is less
than some constant for problem (4). In [15], Ghoussoub and Kang proved the existence of the best Hardy-Sobolev constant in
H(}(.Q) when N > 4 and the principle curvatures of 952 are negative. Besides, if f(x, t) = ¢t in problem (4), they also obtained
a weak solution under the assumptions N > 4, u = 0,0 < A < Aq (the first eigenvalue of operator —A on H(}(.Q)) and
the principle curvatures are non-positive. In [12], Chern and Lin proved the existence of the best weighted Hardy-Sobolev
constant with the singularity on the boundary. As far as we know, the Dirichlet problem with critical weighted Hardy-
Sobolev exponents and boundary singularities has not yet been studied.

In the present paper, motivated by [11,15], we do some studies for such problem. Firstly, by Ekeland’s variational principle,
we establish the existence of a positive local minimum for the associated functional. Due to the lack of compactness
of the embedding in H(}(Q, |X|72%) < [¥'(£2), the classical Palais-Smale condition in H&((Z, |x|72) fails to satisfy for
the energy functional of problem (1), where H&(.Q, |x|72%) denotes the completion of C5°(£2) with the standard norm
lully = fQ |x|~2¢|Vu|?dx. However, according to the method of Brezis and Nirenberg in [1], we can prove that the energy
functional satisfies Palais-Smale condition within value range, then use the Mountain Pass Theorem to find a second positive
solution by a translated functional. Assume that f satisfies the following conditions:

() li %0 — 450 and llmt_>+oof[§J £ = 0 uniformly for x € £2.

FR)f 2 x R+ — R is nondecreasing with respect to the second variable.

Before stating our main results, we first explain the notations and conventions used throughout this paper. We denote
by

H = H)(£2, |x|72%).

Now we define precisely what we mean by weak solutions to the problem (1).

Definition 1. A function u € H is said to be a weak solution to (1) if for any v € H, there holds

, B o uv (uty—ly
(I(u),v)_/g(lxl Vqu—,uW>dx—/;? X[ d —A fx u™)vdx.

Our main results read as follows:

Theorem 1. Suppose that N > 3,a < /11,0 < u < (/& —a)%, a < b < a+ 1, (f;) hold. Then there exists .* > 0 such that
the problem (1) has at least one positive weak solution u;_for any A € (0, A*).

Theorem 2. Suppose that N > 3,a < /f1,a < b < a+ 1, (f), (f2) hold. Then there exists A* > 0 such that the problem (1) has
at least two positive weak solutlons forany A € (0, A*) under one of the following conditions:

(A)0<pu<(Wir—a?—jb—a> 373

(b) the principle curvatures of 982 at 0 are negative and 0 < u < (/& — a)* — (% +a’—a)a< %, a<b<a+1;

¢) the principle curvatures of 952 at 0 are negativeand0 < u < (Vm —aP —(1+a®> —2a),a< ¥ b=a> 0;
( princip g Iz n 7}
(d) the principle curvatures of 3$2 at 0 are non-positive, 0 < . < min{(v/Z—a?*—(3+a*>—a), (Vi—ay — M}, a<

Nelag+h<b<a+1,0=-4N064<N<s;

(e) the principle curvatures of 952 at 0 are non-positive, 0 < u < min{(v/Z—a)*—(§ +a*—a), (Vz—a)*— M}, a<
Mla<b<a+1,N>9;

(f) the principle curvatures of 352 at 0 are non-positive, 0 < 1 < min{(/&t—a)> —(14a*—2a), (VI —a)*— M}, a<
S.b=a>0N=>10.
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