Computers and Mathematics with Applications I (I1EE) IIE-EER

Contents lists available at ScienceDirect IR e

withepplicet ione

Computers and Mathematics with Applications

journal homepage: www.elsevier.com/locate/camwa

Grammian-type determinant solutions to generalized KP and
BKP equations
Li Cheng **, Yi Zhang"

2 Normal School, Jinhua Polytechnic, Jinhua 321007, China
b Department of Mathematics, Zhejiang Normal University, Jinhua 321004, China

ARTICLE INFO ABSTRACT

Article history: Grammian-type determinant identities of the bilinear KP hierarchy and a useful property
Received 23 January 2017 on the derivatives of Grammians are proposed. Based on these Grammian-type determi-
Received in revised form 3 May 2017 nant identities, three Grammian structures are furnished to a large class of generalized

Accepted 13 May 2017

Available online sxxx nonlinear KP and BKP type equations. All the generating functions for matrix entries satisfy

a system of combined linear partial differential equations. In the first case of the class of

Keywords: generalized KP and BKP equations, general rational solutions are given, making use of its
Generalized KP and BKP equations Grammian formulation. ] )
Grammian-type determinant identities © 2017 Elsevier Ltd. All rights reserved.

Sufficient conditions
Rational solutions

1. Introduction

It is significantly important in the studies of the nonlinear phenomena to search for multi-soliton solutions to nonlinear
evolution equations (NLEEs). The bilinear method first proposed by Hirota in 1971 [ 1] plays a vital role in constructing soliton
solutions related to bilinear equations. There exist several different types with respect to the form of the N-soliton solutions.
The N-soliton solutions may be expressed either by the polynomials of various exponentials [2], or by the Wronskian
determinants [3-5], or by the Grammian determinants [6,7]. It was revealed that solitons and rational solutions could be
written as Wronskian determinants to many integrable equations, such as the Korteweg-de Vries (KdV) equation [8,9] and
the Boussinesq equation [4,10]. The Grammian determinant is as the determinant of a Gram matrix whose matrix entries
are in the integral expression. Typical higher-dimensional soliton equations, including the (3 4 1)-dimensional generalized
Kadomtsev-Petviashvili (KP) equation [ 7], the (34 1)-dimensional Jimbo-Miwa equation [ 11-14] and the Davey-Stewartson
(DS) equation [ 15,16] possess Grammian determinant solutions based on their Hirota bilinear forms. The Jacobi identity for
determinants is the key to construct the Grammian formulation. Recently, Nimmo and Zhao described the Grammian-type
determinant identity of the KP equation via a standard partition notation in Ref. [17].

In this paper, we focus on a large class of generalized KP and BKP type equations

uxxxy + 3(uxuy)x + 1 uxy + Caly; + C3Uxt + C4uyz + CS”yt
+ Collxx + C7llyy + U, =0, ;eRi=1,2,...,8, (1)

which can be widely applied in fluid mechanics, plasma physics, chemistry, biology and other fields. Let us recall Hirota
bilinear derivatives introduced by the following rule [18]:

DD - g = (3x, — 8y )" (B, — O, )" f (X1, X2)8(X] X))ty =y
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where n; and n; are arbitrary nonnegative integers. Through the dependent variable transformation

u=2(Inf), (2)
every nonlinear equation defined by (1) can be written as
P(Dy, Dy, D,, D) -f = (DiDy + ¢1DxDy + c2DxD; + ¢3DyDy
+ c4DyD; + csDyD; + ¢6D; 4 ¢;D; + csD2)f - f =0, (3)
which is equivalent to
(fxxxy + Clﬁ(y + lexz + C3fxt + C4f;/z + CSfyt + CGfxx + C7f3/y
+ C8fzz)f _fxxxfy + 3fxxfxy - 3fxfxxy - lexf;/ - lexfz
— osfidfe — caff, — osfife — caff — cif)} — caf} = 0. (4)

As applications of Grammian-type determinant identities, the purpose of this paper is to establish Grammian determinant
solutions for some special cases of the class of generalized nonlinear equations (1). A group of sufficient conditions consisting
of systems of combined linear partial differential equations are given which guarantee Grammian determinants solve the
generalized bilinear KP and BKP equations.

2. Grammian-type determinant identities

The fundamental classification of integrable equations in Hirota bilinear form contains the hierarchy of the KP equa-
tion [19]

(D} — 4D1Ds + 3D3)f - f =0, (5a)

[(D} +2D3)D; — 3D:D4lf - f =0, (5b)

Here f is a function with regard to variables x;, k = 1,2, 3, ... and Dy = D,,. Now we consider the following Grammian
determinant:

X

G = det(a;j)i<ij<n, @ = Cj + / ¢ivjdx, c;j = constant, (6)
where functions ¢; and /; depending on variables x;(= x), X, X3, . . ., satisfy

g oy (k) .
— = =¢:,k=1,2,3,..., 1<i<N, 7
Xy axk d)l )
AV ok
Wi cap &V g k= 1,2,3,.., 1< <N, ®)
Xy axk J

and ¢ = ¢, y; = %

Firstly, let us characterize the useful result on the bilinear KP hierarchy as follows:

Lemma 2.1 ([14,18]). Let ¢; and v; satisfy (7) and (8), respectively. Then the Grammian determinant f = G = det(a;)1<ij<n
defined by (6) solves the bilinear KP hierarchy equations (5a) and (5b).

Lemma 2.1 has been proved by Hirota and Wu [ 14,18] in the form of Grammian determinants which can be expressed by
a Pfaffian structure.
To obtain Grammian-type determinant identities of the bilinear KP hierarchy, we introduce the shorthand notation
defined by Nimmo and Zhao [17], who set
PG

036= ——m——,
3X)\] R aXAp

(9)

where A = (A1, A2, ..., Ap) is a sequence of positive integers A; > A, > --- > A, > 0. Using the result for differentiating
KP Grammians, a direct calculation tells that

(D} —4D1Ds + 3D3)G - G = (—4d31)G + 392G + 914)G)G

— 4(—03)G + 013:6)91)G + 3(812G)* — 3(d2)G)*
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