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equivalent to a pullback attractor (invariant) that is backwards compact, i.e. the union of
the attractor over the past time is pre-compact. We also establish a sufficient and necessary

gg{livv(\)rﬁil.s compact attractors criterion of the existence of a backwards compact attractor and show the relationship of
Periodic attractors a periodic attractor. As an application of these abstract results, we prove that the non-
Pullback attractors autonomous wave equation has a backwards compact attractor under some backwards
Non-autonomous wave equations assumptions of the non-autonomous force. Moreover, we establish the backwards com-
Unbounded domains pactness from some periodicity assumptions, more precisely, if the force is assumed only

to be periodic then a backwards compact attractor exists, and if the damped coefficient is
further assumed to be periodic then the attractor is both periodic and backwards compact.
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1. Introduction

In this paper, we consider the backwards compact dynamics for the following non-autonomous damped wave equation
onR3:
{un + B — Au+ ru+f(x,u) =g(x.t), xR’ t>1,

1.1
ux, t) =uo,  Ux, 7)=uy, x € R, (1.1)

where T € R, A > 0, the varying coefficient j is positive and bounded, the nonlinearity f € C'(R3 x R, R) satisfies the same
growth conditions as given in [1,2], and the time-dependent force g will be special.

The nonlinear wave equation arises in relativistic quantum mechanics, which has great physical significance and receives
many attentions. For instance, the asymptotic dynamics were established in [1-14] for deterministic or stochastic wave
equations.

In particular, the authorsin [1,2,15] studied the existence of random attractors for the stochastic equation with a constant
coefficient 8(-) = ¢ > 0. When the coefficient is time-dependent but the equation is restricted in a bounded domain, the
authors in [5,7] proved that the evolution process had a pullback attractor A that is backwards bounded, i.e. | J,_,.A(s) is
bounded for each t € R.
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Our main purposes in this paper are to prove that the evolution process derived by Eq. (1.1) possesses a pullback attractor
that is backwards compact, i.e. both A(t) and |_J,_,.A(s) are compact for each t € R, and to establish the relationship between
such an attractor and a periodic attractor. Note that, the compactness investigated here is distinguished from the usual
section compactness in many literatures, i.e. every time-section is compact (see [2,7,8,11,14,16-18]).

To achieve our goals, we introduce the concept of a backwards compact attractor that is the minimal one among the
backwards compact and pullback attracting sets. We show that a backwards compact attractor is equivalent to a pullback
attractor that is backwards compact, and thus it must be an invariant set. One can also refer to [ 19,20] to see some discussions
about the backwards compactness of a pullback attractor.

We then establish a sufficient and necessary criterion of the existence of a backwards compact attractor for a non-compact
system. We prove that a backwards pullback asymptotically compact evolution process has a backwards compact attractor if
and only if it has an increasing, bounded and pullback absorbing set, or it has a bounded and backwards pullback absorbing
set (see Theorem 2.8). We also show that a periodic attractor must be a backwards compact attractor (see Theorem 2.10).

To ensure the above abstract criteria can be applied to the non-autonomous wave equation, we need to make some
new (but natural) hypotheses on the force g. A basic assumption is the so-called backwards translation boundedness, which
appeared in [19]. Under this basic assumption, we can prove the derived evolution process has an increasing, bounded and
pullback absorbing set. If we further assume that g is backwards tail-small (see (3.9)) and backwards complement-small (see
(3.10)), then we can prove the backwards pullback asymptotic compactness by using a spectrum decomposition method
together with a backwards uniform tail-estimate. Therefore, the theoretical result can be applied to show that the evolution
process induced by Eq. (1.1) possesses a backwards compact attractor in H'(R3?) x L*(R3?) (see Theorem 4.4).

In the final section, we consider the relationship between the periodicity and backwards compactness of a pullback
attractor for Eq. (1.1). The authors in [2,21] proved that the attractor A is periodic if the force g is periodic (note that the
coefficient 8 in [2,21] is a constant and thus it is periodic). In this paper, we prove that the periodicity of g implies the three
assumptions mentioned above. Therefore, we obtain a backwards compact attractor in H!(R3) x L(R?) if we assume only
g is periodic (it does not require the periodicity assumption of the coefficient 8). Furthermore, the attractor is both periodic
and backwards compact if 8 is also assumed to be periodic.

2. Abstract results on backwards compact attractors

In this section, we review some relevant notions of a pullback attractor (see [5,7,22-24]), introduce the concept of a
backwards compact attractor and then investigate its existence and the relationship of a periodic attractor.

2.1. The existence result

Let (X, || - |lx) be a Banach space. A set-valued mapping D : R — 2% \ {#} is called a non-autonomous set in X. A
non-autonomous set D is called increasing if D(s) C D(t) for all s < t, and D is said to have a topological property (such as
closedness, boundedness or compactness) if D(t) has this property with each t € R.

Definition 2.1. A non-autonomous set D C X is called backwards compact if both D(t) and UsstD(s) are compact in X for
eacht € R, and it is called backwards bounded if (_,_,D(s) is bounded in X for each t € R.

Definition 2.2. An evolution process S in X is a family of mappings S(t, ) : X — X with t > r, which enjoys

S(r,r) = idy, S(t,r)=S(¢t,s)S(s,r), forallt >s>rwitht € R, and (2.1)
(t,r,x) — S(t, r)xis continuous witht > rand x € X. (2.2)

Definition 2.3 ([7]). A non-autonomous set A C X is called a pullback attractor for an evolution process S if
(i) A(t) is compact for each t € R;
(ii) A is invariant, i.e. S(t, r)A(r) = A(t) forallt > r;
(iii) LA pullback attracts each bounded subset B C X, i.e. foreach t € R,

lim dist(S(t, t — 7)B, A(t)) = 0,
T—>00

where dist(A, B) := sup,eainfypeg|la — bllx (A, B C X) is the Hausdorff semi-distance in X;
(iv) A is the minimal closed pullback attracting set.

Definition 2.4. A non-autonomous set .A C X is called a backwards compact attractor for an evolution process S if
(i) A is backwards compact;
(ii) A pullback attracts each bounded subset B C X;
(iii) A is the minimal one with properties (i) and (ii).

In fact, the minimality in Definition 2.4 indicates the invariance. Therefore, a backwards compact attractor must be a
pullback attractor.
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