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This paper is concerned with the blow-up of solutions to a superlinear hyperbolic equation
with linear damping term

U — AU — wAue 4+ pue = |ulP~2u, in [0,T] x £2,

where 2 C R",n > 1, is a bounded domain with smooth boundary and T > 0. Here,
Keywords: w > 0and u > —wAq, where A is the first eigenvalue of the operator —A under
Hyperbolic equation homogeneous Dirichlet boundary conditions. The recent results show that in the case of
Damp";g terdmf he bl ) w>0,if2<p<ocom=1,2o0r2<p< n%”z (n > 3), then the solutions to the above
Lower bounds for the blow-up time equation blow up in a finite time under some suitable conditions on initial data.

In this paper, in the case of ® > 0, we obtain a lower bound for the blow-up time when
the blow-up occurs. This result extends the recent results obtained by Sun et al. (2014) and
Guo and Liu (2016).

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we consider the following superlinear hyperbolic equation with linear damping term:

U — AU — wAUe + pue = |ulP~2u, in[0, T] x £2,
ux, 0) =up(x),  u(x,0) =u(x), ing2, (1.1)
u(x,t) =0, on [0, T] x 052,

where 2 C R", n > 1, is a bounded domain with smooth boundary, T > 0, w > 0and u > —wA, where X is the first
eigenvalue of the operator — A under homogeneous Dirichlet boundary conditions. Here, uy € H(} (2) and u; € [2(£2) are
the initial value functions. Also, p satisfies the following condition:

2n
> forw > 0,
2<p< gn_z n>3o0r2<p<oo, n=1,2. (1.2)
, forw=0.
n_

Problems like (1.1) can be used as models of viscoelastic fluids, processes of filtration through a porous media and fluids
with temperature-dependent viscosity. There are much more works related to damped wave equations in the literature, we
refer the interested readers to [1-12] and the references therein.
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Gazzola and Squassina [13] studied problem (1.1). They proved that problem (1.1) has a unique local solution which is
global provided that p € (1, 2], whereas for p > 2 under the condition (1.2), the solution of (1.1) blows up in a finite time.
More precisely, under the condition (1.2), if u be the unique solution to (1.1), then T,.x < oo if and only if there exists
t € [0, Tmax) such that:

- 1 1
u(t) € {u € Hy(2) : EIIVu(f)Ilﬁ - Ellu(f)llﬁ <dand |Vu@®)|; — Ju@®ll} < 0]

and
Divu® + 2 ®i2 — L@ < d
2 2 p
2\ 2
where T denotes the maximal existence time and d = %(infﬂe% @\ Ilﬁ?fgilgz)pr_ Besides, they showed that if
Tmax < 00, then
lim |Vu©)l; + luc(®)3 =00 and  lim [lu(®)ll, = co. (1.3)

t—Thax t—Thax

Note that if Tpy,x < 00, then the solution of (1.1) blows up and Tp,a is the blow up time.
For n > 3, Sun et al. [ 14] obtained a lower bound for the blow-up time when2 < p < % Recently, Guo and Liu [15]

. - _ 2 .
improved the restriction p and for 2= 2,1(:”722)) found a lower bound for the blow-up time.

In view of (1.2), we see that in the case of w = 0 and n > 3, the results of [ 14] are sufficient. Also, their method can be
used for w = 0 and n = 1, 2. Thus, in the present paper, we will study problem (1.1) with w > 0 under the condition (1.2).
We will obtain a lower bound for the blow-up time when2 < p < oco(n = 1,2)or2 < p < n%”z (n > 3). This result
extends the recent results obtained in [ 14,15]. In the next section, we will prove our main result.

<p=

2. The main result
Here, we have our main results.

Theorem 2.1. Suppose that w > 0 and u > —wA1, where A1 is the first eigenvalue of the operator — A under homogeneous

Dirichlet boundary conditionsand2 < p < oco(n=1,2)or2 <p < n%” n > 3). Also, suppose that ug € H(}(Q), u; €

2

1?(2), [, uouy dx > 0and:

2IVuol = uollz <d. IVuGlE = Nuolll <0, S IVuol + ~ w2 — 11 uol? < d 2.1

2 0ll2 P ollp =% 0li2 0llp ) 2 0li2 2 112 P ollp = ¢ .
Then the solution of (1.1) blows up in a finite time and the following estimate holds:

+00 d§
Tinax Z/ o (2.2)
¢(0) CE P-4 3

where 1 < o < 2 and c,, c3 are some positive constants to be determined later in the proof and:

1 S TR IR
¢(0) = S lIVuolly + S llully + Elluollp- (2.3)

Proof. By considering the results of Gazzola and Squassina [13], under the conditions (1.2) and (2.1), the solution of (1.1)
blows up in a finite time. Thus, we obtain a lower bound for the blow-up time. Define

1 , 1 , 1 )
p(t) = EIIVU(t)Ilz + 5”ut(t)”2 + Bllu(t)llp-
Then,

o' (t) = f Vu(t) - Vu(t) dx + / ur (O)ug (t) dx +/ [u(t) P~2u(t)u. (t) dx. (2.4)
Q 2 Q
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