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1. Introduction

In this paper we first consider the following simplified nonisothermal model for nematic liquid crystals [1]:

oo + div (pu) = 0, (1.1)
divu =0, (1.2)
or(pu) +div (pu ® u) + Vr — div (u(@)(Vu + vuh)) = —div (Vd © Vd), (1.3)
0¢(00) 4+ div (pbu) — A =0, (1.4)
dd+u-Vd— Ad=d(1 - |d]?), (1.5)
(p.u,0,d)(-,0) = (po, Up, 6o, do) INR>. (1.6)

Here the unknowns p, u, 7, 0, and d denote the density, velocity, pressure, temperature, and the macroscopic orientations,

respectively. ;£ (0) is the viscosity, we will assume that u is a smooth function and satisfies

1
0<C—§M(9)§C1<oo when |0| < G < o©
1
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for some positive constants C; > 1and G, > 0. The symbol Vd © Vd denotes a matrix whose (i, j)th entry is 3;dd;d. u* is
the transpose of u and d;u = u,.
Next, we consider the following system: (1.1)-(1.4), (1.6) with

dd+u-vd—Ad=|Vd>2d, |d =1. (1.8)

When 6 = 0, the system reduces to the well-known density-dependent incompressible liquid crystal flow [2-6]. Wen
and Ding [7] proved the existence of local strong solutions. Fan, Gao and Guo [8] obtained the regularity criterion. The first
aim of this paper is to prove some new regularity criteria of the above system, we will prove

Theorem 1.1. Let Vpy, € H' N W18 g, 6, € H?, dy € H? and % < po < C; < oo and divug
unique local strong solution to the problem (1.1)-(1.6). If u satisfies

0. Let (p, u, 6, d) be the

T
/ (lu® i~ + 1 Vu®)[l)dt < oo (1.9)
0
with 0 < T < oo, then the solution (p, u, 6, d) can be extended beyond T > 0.

Theorem 1.2. Let Vpy € H' N W18 uq, 6y, Vdy € H? and é < po < Cq,divug = 0, and |dg| = 1. Let (p, u, 8, d) be the
unique local strong solution to the problem (1.1)-(1.4), (1.6) and (1.8). If u satisfied (1.9) and
vd e [*(0, T; BY, ) (1.10)

with0 < T < oo, then the solution (p, u, 8, d) can be extended beyond T > 0. Here Bgo,oo is the homogeneous Besov space.

Remark 1.1. The same regularity criterion (1.9) has been proved for the density-dependent MHD system [9,10].

When u = 0, the system (1.8) is the well-known harmonic heat flow.
Let £2 be a bounded domain in R? with smooth boundary 92, n be the outward unit normal to 352. We consider the
following 3D simplified nonisothermal liquid fluid flow

du+u-Vu+ Vr —div (@) (Vu + Vu')) = —div(Vd © Vd), (1.11)

divu =0, (1.12)

80 +u - VO — div (k(0)V0) = 0, (1.13)

dd+u-Vd— Ad=d(1—|d? in2 x (0, 0), (1.14)
90 ad

u=0,—=0,— =0 onasf2 x (0,00), (1.15)
on on

u, 8, d) (-, 0) = (ug, 0y, dg) in 2 C R3. (1.16)

k is the heat conductivity, we will assume that k is a smooth function and satisfies

Cl <k@) <C; when|f| <G (1.17)
1
for some positive constants C; > 1and C; > 0.

Finally, we consider the following system: (1.11)-(1.13),(1.15),(1.16) and (1.8).

When 6 = 0, the system reduces to the well-known incompressible liquid crystal flow [11-17]. When d is a unit constant
vector, the system reduces to the well-known Boussinesq system, Fan, Li and Nakamura [ 18] show a blow-up criterion. The
aim of this paper is to prove some new regularity criteria, we will prove

Theorem 1.3. Let ug € Hy NH?, 0y € H?, dy € H? withdivuy = 0in £2, %i,? =0, % = 0on 3£2. Let y and k satisfy (1.7)

and (1.17). Let (u, 6, d) be a local strong solution to the problem (1.11)-(1.16). If u satisfies
. 2 3
uel (0,T;I’) with—+=-=1and3 <p < o0 (1.18)
r.p
with0 < T < oo, then the solution (u, 0, d) can be extended beyond T > 0.

Theorem 1.4. Let uy € Hl NH?, 6, € H?, dy € H? withdivug = 0, |do| = 1in 2, 22 = 0, 33& = 0o0n 9. Let uand k

an

satisfy (1.7) and (1.17). Let (u, 6, d) be a local strong solution to the problem (1.11)-(1.13), (1.15), (1".16) and (1.8). If uand Vd
satisfy (1.18) and

2 3
VdeI’(0,T; L% with—-+—-=1and 3<q<o0 (1.19)
S q

with0 < T < oo, then the solution (u, 8, d) can be extended beyond T > 0.
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