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Abstract 

The optimal boundary control problem for a differential system with delay and distributed parameters on the graph is considered. 
As a state-space systems and the space of boundary control and observation, the classes of integrable functions is used. The 
conditions of the unique solvability of the problem of optimal control are obtained. And finally, the existence conditions of a 
unique control action and the controllability system are obtained. 
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1. Introduction 

It is presented an approach based on a priori estimates of generalized solutions of the initial boundary value 
problems for equations of parabolic type with distributed parameters on the graph. On this basis, the problem of 
boundary control with delay is considered, conditions for the existence of a single control and relations that 
characterize this control are obtained. The questions of controllability of differential systems in Banach spaces, 
presented by the results of monograph J.L. 

Lions which became the classic1, significantly influenced at the choice of the author's way of the study of 
controllability of evolution systems, which is new in its formulation and have an interesting analogy with the study of 

 

 
* Corresponding author. 

E-mail address: spodvalny@yandex.ru 

© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the scientific committee of the XIIth International Symposium “Intelligent Systems”

http://crossmark.crossref.org/dialog/?doi=10.1016/j.procs.2017.01.115&domain=pdf


325 S.L. Podvalny et al.  /  Procedia Computer Science   103  ( 2017 )  324 – 330 

the dynamics of multiphase flows of viscous media. The paper considers the evolution system, whose state is defined 
as a weak solution of the boundary value problem for a parabolic equation with distributed parameters on the graph 
and which describes techniques to set the property of controllability of the system. All consideration are used the 
limited an arbitrary connected directed graph, allowing the presence of cycles. 

2. The basic concepts and propositions 

Throughout the paper, we use the following generally accepted system of symbols1. Denote by  and ( )J  the 

sets of boundary  and internal  nodes, respectively, in a graph . Let 0  to be the union of all edges containing 

no terminal points; 0= (0, )T T  ( 0= (0, )t t ), = (0, )T T  ( = (0, )t t ). Each edge  

of the graph  is oriented, parameterized by [0,1]  and the variable [0,1]x . 

Introduce necessary spaces: ( )pL  ( = 1, 2p ) means the Banach space of measurable on 0  functions with 

finite norm 1/
( ) = ( ( ) )p p

Lp
u u x dx  (the spaces ( )p TL , = 1, 2p  is defined similarly); 1

2 ( )W  designates 

the space of functions from 2 ( )L  possessing the first-order generalized derivative, which belongs to 2 ( )L , the 

norm in 1
2 ( )W  is established by the scalar product 1 ( )2

( , ) = ( ( ) ( ) ( ) ( ) )
W

u v u x v x u x v x dx dx ; 2,1( )TL  

represents the space of functions from 1( )TL  having the norm 2 1/2

2,1 0

= ( ( , ) )( )

T

L T

u u x t dx dt ; 1,0
2 ( )TW  

designates the space of functions 2( , ) ( )Tu x t L   possessing the first-order generalized derivative with respect to 

x , which belongs to 2 ( )TL , 1,0
2

2 2 2

( )
= ( ( , ) ( , ) )

T
xW

T

u u x t u x t dxdt . 

Further, let 2 ( )TV  means is the set of functions 1,0
2( , ) ( )Tu x t W  with a finite norm 

2 2
2, ( ) ( )0

max ( , ) ,
T T

xL Lt T
u u x t u    (1) 

which strongly continuous in t  in the norm 2 ( )L . 

Consider the bilinear form 
( ) ( )

( , ) = ( ) ( ) ( ) ( )
d x d x

a x b x x x dx
dx dx

, coefficients ( )a x , ( )b x  

are fixed measurable functions bounded on 0 . Lemma 21 that in the space 1
2 ( )W  is the set of  of functions 

( ) ( )u x C  ( ( )C  is the space of continuous on  functions) satisfying the relations 

(1) (0)
(1) = (0)

( ) ( )

j j

j j

j j

du du
a a

dx dxR r
 all nodes ( )J  (here ( )R  is the set of edges 

oriented ``to the node '', ( )r  is the set of edges oriented ``from the node ''; by ( )u  is indicated the restriction 

of ( )u  to the edge ). The closing in norm 
1
2 ( )W  of the set of functions  is denoted by 

1
2 ( , )W a . 

Suppose further that ( , )Ta  is the set of functions 2( , ) ( )Tu x t V , whose traces are defined on sections of 

the field T  plane 0=t t  ( 0 [0, ]t T ) as a function of class 
1
2 ( , )W a  and satisfy 
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