
Accepted Manuscript

Acceleration of the imaginary time method for spectrally computing the
stationary states of Gross–Pitaevskii equations

Xavier Antoine, Christophe Besse, Romain Duboscq, Vittorio Rispoli

PII: S0010-4655(17)30138-8
DOI: http://dx.doi.org/10.1016/j.cpc.2017.05.008
Reference: COMPHY 6213

To appear in: Computer Physics Communications

Received date : 25 August 2016
Revised date : 26 April 2017
Accepted date : 9 May 2017

Please cite this article as: X. Antoine, et al., Acceleration of the imaginary time method for
spectrally computing the stationary states of Gross–Pitaevskii equations, Computer Physics
Communications (2017), http://dx.doi.org/10.1016/j.cpc.2017.05.008

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to
our customers we are providing this early version of the manuscript. The manuscript will undergo
copyediting, typesetting, and review of the resulting proof before it is published in its final form.
Please note that during the production process errors may be discovered which could affect the
content, and all legal disclaimers that apply to the journal pertain.

http://dx.doi.org/10.1016/j.cpc.2017.05.008


 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 

Acceleration of the imaginary time method for spectrally computing the
stationary states of Gross-Pitaevskii equations

Xavier ANTOINE∗,a, Christophe BESSEb, Romain DUBOSCQb, Vittorio RISPOLIb

aInstitut Elie Cartan de Lorraine, Université de Lorraine, Inria Nancy-Grand Est, SPHINX team, F-54506
Vandoeuvre-lès-Nancy Cedex, France.
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Abstract

The aim of this paper is to propose a simple accelerated spectral gradient flow formulation for solving the
Gross-Pitaevskii Equation (GPE) when computing the stationary states of Bose-Einstein Condensates.
The new algorithm, based on the recent iPiano minimization algorithm [36], converges three to four
times faster than the standard implicit gradient scheme. To support the method, we provide a complete
numerical study for 1d-2d-3d GPEs, including rotation and dipolar terms.

Keywords: Bose-Einstein condensation; rotating Gross-Pitaevskii equation; stationary states;
imaginary time formulation; accelerated gradient; pseudospectral approximation.

1. Introduction

At temperatures T which are smaller than the critical temperature Tc, the Gross-Pitaevskii equation
(GPE) can be used to model the behavior of Bose-Einstein Condensates (BECs). The first experimental
realization of BECs was in 1995 [4, 8, 17, 24, 27] while they were theoretically predicted seventy years
before by S.N. Bose and A. Einstein. This state of matter leads to the possibility of studying quantum
physics at the macroscopic scale. Later, the nucleation of quantum vortices was observed [1, 18, 31, 32,
33, 37, 41] leading to the understanding of such BECs, modeled by the rotating GPE. More precisely,
for a given initial data ψ(t = 0,x) = ψ0(x), a rotating BEC is represented by a wave function ψ(t,x)
solution to the dimensionless time-dependent GPE [8, 12]

i∂tψ(t,x) = −1

2
∆ψ(t,x) + V (x)ψ(t,x) + β|ψ(t,x)|2ψ(t,x)−Ω · Lψ(t,x), (1)

for x ∈ Rd, d = 1, 2, 3, t > 0 and ∆ :=
∑d
j=1 ∂

2
xj

. The function V is the confining potential. The
parameter β is the nonlinearity strength that describes the (attractive or repulsive) interactions between
atoms within the condensate. Essentially, we consider a cubic nonlinearity but the case of dipolar gases
[8, 12] is also analyzed at the end of the paper to show that our contribution is general. In order to
obtain the nucleation of vortices [1, 18, 31, 32, 33, 37, 41], the following rotating term is added

Ω · L = ΩLz = −iΩ(x∂y − y∂x), (2)

assuming Ω = (0, 0,Ω)t, Ω being called the rotational velocity.
In this paper, we wish to compute the stationary states of the GPE, i.e. a solution of the form

ψ(t,x) = e−iµtφ(x), (3)

where µ is the chemical potential and φ is a function that only depends on x. By using equation (1), we
deduce a nonlinear elliptic equation which reads as

µφ(x) = −1

2
∆φ(x) + V (x)φ(x) + β|φ(x)|2φ(x)− ΩLzφ(x), (4)
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