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a b s t r a c t

The mechanical behavior of rock salt formations is not only of interest due to mining of salt but also
because of its increasing relevance for geotechnical applications, e.g., for the storage of strategic oil
and gas reserves, for hosting nuclear waste repositories, for compressed air energy storage (CAES) or
the cavern storage of hydrogen. The safety assessment of geotechnical installations as well as long-
term convergence predictions of salt caverns require models capturing the inelastic behavior of rock salt
under thermomechanical loading. Many models have been derived for uniaxial or triaxial experimental
setups and some are inadequately presented to fully describe three-dimensional scenarios. Here, a ten-
sorial representation is chosen to avoid such inconsistencies and their possible consequences on com-
monly used material parameters are discussed. Two very commonly used material models, the LUBBY2
and Minkley formulations, have been primarily implemented into software relying on explicit time inte-
gration schemes. Here, their implicit implementation with analytical Jacobians into a scientific open-
source finite element framework is described in detail. The implementations are verified by comparison
to suitable analytical solutions for coupled thermomechanical loadings and their convergence behavior is
analyzed.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The mechanical behavior of rock salt formations is not only of
interest due to mining of salt but also because of the increasing
use for geotechnical applications [1]. The tight morphology of rock
salt makes it an ideal material for the storage of matter [2,3].
Solution-mined caverns in underground salt domes have been
used for the storage of strategic oil and gas reserves for decades.
Salt formations are also discussed as candidate formations for
hosting nuclear and other waste repositories [4–8]. In the context
of the transition to volatile renewable energies, compressed air
energy storage (CAES) in salt caverns is discussed to mitigate fluc-
tuations in wind energy for continuous electricity production [9–
14]. Finally, the cavern storage of hydrogen as a chemical energy

carrier produced electrolytically from renewable energy sources
has gained scientific interest [2].

The safety of salt mines as well as the long-term convergence
behavior of salt caverns have been assessed based on thermome-
chanical models of the inelastic behavior of rock salt [5,14–19].
Rock salt is a material exhibiting several modes of creep and plas-
ticity [20,21]. Different, usually viscoplastic, salt models have been
developed in the past by various groups of specialists in order to
represent the mechanical characteristics of rock salt under labora-
tory and field conditions [22–29]. Lately, in the context of the novel
applications outlined above, an increased and broader interest into
the mechanical behavior of rock salt due to a more intense use of
the subsurface for energy storage and conversion has developed.
These novel applications also shift the focus of the analyses some-
what from the long-term behavior to short-term phenomena
induced on the time scale relevant for renewable energy applica-
tions [3,7]. For example, while the time scales of pressure changes
in caverns used for strategic oil and gas reserves or seasonal energy
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storage concepts are on the order of months and years, caverns of
CAES power plants have to withstand significant pressure fluctua-
tions several times a day or week. The increasing use of the subsur-
face and the evaluation of partially competing usage concepts are
the motivation to revisit the existing formulations for the constitu-
tive behavior of rock salt and to incorporate them into continuum
mechanical and numerical frameworks of current standard for
large-scale simulations.

Among the models listed above, typical constitutive formula-
tions for rock salt include the LUBBY2 model and the model series
by Minkley et al., both of which have been used extensively in
practical geotechnical settings. The LUBBY2 model [22,30] is a non-
linear viscoelastic model based on a Burgers-type rheological ana-
logue. Minkley [26] extended this setup by an additional friction
element of a modified Mohr-Coulomb type to capture plasticity
with strain hardening and softening as well as dilatancy. These
effects allow a characterization of, e.g., excavation damaged zones
(EDZ) around geotechnical installations. The plastic submodel
includes the dependence of the yield surface and the plastic poten-
tial on the stress state and on the deformation history, e.g. [28].
Wang et al. [31] used a similar model but employed a Drucker-
Prager yield surface with tension cut-off as well as a WIPP creep
model, see also [21]. Large displacements and rotations have been
taken into account in Ref. [32]. Some studies have investigated
hydro-mechanical couplings that become important in the near-
and far-field of geotechnical installations when dilatancy or dam-
age open up flow paths in the rock salt that is otherwise considered
tight [1–3,33,34]; see also [35,36] for recent works on hydrome-
chanical coupling in a geotechnical context.

Many rock salt models have been derived for uniaxial or triaxial
experimental setups and have only later on been generalized to

three dimensions in a post hoc manner which is not always appro-
priate to fully describe three-dimensional scenarios [15,16,22].
Here, a tensorial representation is chosen, overcoming these incon-
sistencies. We further highlight the different treatment of material
parameters existing in the literature due to the mix of uniaxial and
three-dimensional formulations.

Specifically for large-scale geotechnical studies, the numerical
implementation of the existing rock salt models has hardly been
discussed in detail. Most of the known formulations have been
implemented into software relying on explicit time integration
schemes which are not unconditionally stable [24,28,29,31,32].
An implicit time integration based on a generalized mid-point rule
has been employed by Pudewills and Krauss [37] whereas a Crank-
Nicholson time integration scheme has been used in [23]. How-
ever, none of these studies provide details on the constitutive tan-
gent matrices nor illustrate the convergence behavior of the
implemented algorithms. Here, a state-of-the-art implicit imple-
mentation of the LUBBY2 and Minkley models into the scientific
open-source parallelized finite element framework OpenGeoSys
[38] is described in detail, compare for example the Refs. [39–52]
regarding implicit finite element implementations. This will form
the basis for large scale simulations in the context of competing
usage concepts of the subsurface [53].

The outline of the article is as follows: in Section 2, the general
numerical framework of the finite element code used in this study
is presented. Section 3 clarifies some general aspects of the Burgers
model that forms the basis of several constitutive models of rock
salt. These considerations are specified for the LUBBY2 model in
Section 4. A general tensorial formulation of this model is intro-
duced and compared to the classical version prevalent in literature.
In Section 5, the Burgers model is extended by a friction element
without considering any specific yield surface or plastic potential
to provide the implementation of a generalized viscoplastic model.
Plastic flow regularization in the case of softening materials is pro-

1 Throughout the article bold face symbols denote tensors and vectors. Normal face
letters represent scalar quantities.

Nomenclature1

Greek symbols
aT linear thermal expansion coefficient
e; � small strain tensor/its Kelvin mapping
g shear viscosity
gvol bulk viscosity
dC area element
dX volume element
Wi residual in iteration i
. mass density
r; r cauchy stress tensor/its Kelvin mapping
h lode angle

Operators
h�i McCauley brackets
a � b dot product of a and b
A : B double contraction of A and B
a� b dyadic product of a and b

A� B 1
2 ðA� BTÞT

23

þ ðA� BÞT
24

" #

A�B 1
2 ðA� BÞT

23

þ ðA� BTÞT
24

" #
ð�ÞD deviatoric part of a tensor
div divergence operator
grad gradient operator
ð�ÞS spherical part of a tensor

ð�ÞT, ð�ÞT
ab

transpose operator; transposition of ath and bth basis
vector

Roman symbols
b external body force
C, C tangent moduli (fourth order tensor/its Kelvin mapping)
ei Cartesian basis vectors with ei � ej ¼ dij
e volume strain
F yield function
G shear modulus
GF plastic potential
I Kelvin representation of an identity tensor
I1 first principal invariant
J2 second deviatoric invariant
J3 third deviatoric invariant
K bulk modulus
n outward unit normal vector
Na, N nodal shape function, element matrix of nodal shape

functions
0 Kelvin representation of a zero tensor
PS;PD spherical and deviatoric projection tensors
PS;PD spherical and deviatoric projection matrices
p hydrostatic pressure
t surface traction
u displacement vector
V viscosity tensor
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