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a b s t r a c t 

The finite block method (FBM) is developed to determine stress intensity factors with orthotropic functionally 

graded materials under static and dynamic loads in this paper. By employing the Lagrange series, the first order 

partial differential matrix for one block is derived with arbitrary distribution of nodes. The higher order derivative 

matrix for two dimensional problems can be constructed directly. For linear elastic fracture mechanics, the COD 

and J -integral techniques to determine the stress intensity factors are formulated. For the dynamic problems, 

the Laplace transform method and Durbin’s inverse technique are employed. Several examples are given and 

comparisons have been made with both the finite element method and analytical solutions in order to demonstrate 

the accuracy and convergence of the finite block method. 

© 2017 Elsevier Ltd. All rights reserved. 

1. Introduction 

In 1980s, the concept of functionally graded material was firstly pro- 
posed. Because of the variation in composition and structure gradually 
over volume, it results in corresponding changes in the properties of the 
material. The first characteristic of FGM is that the variation of mate- 
rial properties in FGM can be pre-determined by controlling the spatial 
distribution of the composition and the volume fraction of their con- 
stituents. Therefore, these materials benefit from the performance of its 
constituents, such as the high temperature and corrosion resistance of 
ceramics on one side, and large mechanical strength and toughness of 
metals on the other side [1-2] . For the realistic problems, such as the 
transient heat conduction in anisotropic and non-homogeneous media, 
it becomes a complex task and the mathematical modelling due to their 
complexity for both analytical and numerical analysis. 

There are two categories in numerical engineering, i.e. the domain- 
type and boundary-type methods. Domain-type methods including the 
finite element method (FEM) and the boundary-type methods include 
boundary element method (BEM) can be found in the references (see 
Zienkiewicz et al. [3] , Aliabadi [4] and Atluri [5] ). Although the BEM 

is one of the most accurate and efficient methods, the fundamental so- 
lutions or Green’s functions are required. For 2D and 3D dynamic prob- 
lems in homogeneous and anisotropic solids, the fundamental solutions 
are very rarer in closed forms. Even in the static cases, there are very 
few applications to problems in anisotropic materials. In addition, the 
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governing equations for FGM composites contain many coordinates and 
directions dependent coefficients, see Sladek et al [6] . 

For exponentially graded non-homogeneous, isotropic and linear 
elastic solids, the fundamental solutions have been derived by Marin 
and Lesnic [7] for three dimensions statics and Chan et al [8] for two 
dimensions statics with the analytical solutions expressed in some com- 
plicated finite integrals. The Fourier-integral representations of the elas- 
todynamic fundamental solutions have been recently derived by Zhang 
et al. [9,10] for fracture analysis in FGMs. Due to the mathematical 
complexities for the non-homogeneous nature of FGMs, only a few in- 
vestigations on the transient dynamic responses of cracked FGMs can be 
found in journals including the dynamic responses under impact loading 
investigated by Babaei and Lukasiwicz [11] , Li and Zou [12] . In addi- 
tion, FGMs exhibits isotropic or anisotropic material properties which 
depend on the processing technique and the engineering requirements. 
In recent years, meshless formulations are more and more popular due 
to their high adaptive and low cost to prepare input and output data in 
numerical analysis [13,14,15] . Sladek et al [16] extended the meshless 
method of the local Petrov-Galerkin approach to the stress analysis in 
two-dimensional anisotropic and linear elastic/viscoelastic solids with 
continuously varying material properties. Jin and Paulino [17] investi- 
gated a crack in a viscoelastic strip of FGM under tensile load. The stress 
intensity factors with mixed-mode are obtained in viscoelastic FGMs 
with correspondence principle. Kim and Paulino [18] presented a gen- 
eral purpose FEM formulation and implementation for linear FGMs and 
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Fig. 1. Two-dimensional node distribution in mapping domain: (a) the local number system of node; (b) square domain with eight seeds for the mapping geometry. 

fracture of FGMs for mixed-mode cracks by using COD and J -integral 
techniques. 

The finite block method based on the point collocation method was 
developed firstly to solve the heat conduction problem in the function- 
ally graded media and anisotropic materials by Li and Wen [19] . This 
method has been applied to nonlinear elasticity including contact and 
fracture mechanics successfully by Wen et al [20] and Li et al [21,22] . 
The essential feature of the FBM is that the physical domain is divided 
into few blocks only and the partial differential matrices are applied for 
each block which is similar to FEM, i.e. the domain is divided into sev- 
eral blocks with continuity conditions of stress and displacement on the 
interfaces. It is easy to prove that all stress components are continuous 
along the interface along the interfaces between two blocks. With the 
first order derivative matrices, the higher orders of partial differential 
matrices can be obtained in a straight forward manner. The quadratic 
type of block is transformed to normalised domain with eight seeds for 
2D and then the partial differential matrices in physical domain are ob- 
tained using the differential matrices in the normalised domain. A set of 
algebraic equation from equilibrium equations in strong form is formu- 
lated in term of the nodal values of displacement. For linear elastic frac- 
ture mechanics, the static and dynamic stress intensity factors are eval- 
uated by crack opening displacement (COD) and J -integral technique 
for both isotropic and orthotropic FGMs. To demonstrate the accuracy 
and efficiency of the FBM, several numerical examples are given with 
comparisons made with the finite element method and the local Petrov–
Galerkin approach. 

2. Two dimension differential matrices 

Consider a set of nodes shown in Fig. 1 (normalised domain) with 
the nodes collocated at 𝜉( 𝑘 ) 𝛼 , 𝛼 = 1 , 2 , 𝑘 = 1 , 2 , ..., 𝑁 𝛼 , where N 𝛼 are num- 
bers of nodes along two axes. By two dimension Lagrange interpolation 
polynomials, the function u ( 𝜉1 , 𝜉2 ) can be approximated by 

𝑢 ( 𝜉1 , 𝜉2 ) = 

𝑁 1 ∑
𝑖 =1 

𝑁 2 ∑
𝑗=1 

𝐹 1 ( 𝜉1 , 𝜉
( 𝑖 ) 
1 ) 𝐹 2 ( 𝜉2 , 𝜉

( 𝑗) 
2 ) 𝑢 

( 𝑘 ) (1) 

where 

𝐹 𝛼( 𝜉𝛼, 𝜉( 𝑖 ) 𝛼 ) = 

𝑁 𝛼∏
𝑚 =1 
𝑚 ≠𝑖 

( 𝜉𝛼 − 𝜉
( 𝑚 ) 
𝛼 ) 

( 𝜉( 𝑖 ) 𝛼 − 𝜉
( 𝑚 ) 
𝛼 ) 

(2) 

and the superscript in Eq. (1) 𝑘 = ( 𝑗 − 1) ×𝑁 1 + 𝑖 , the number of nodes 
in total is 𝑀 = 𝑁 1 ×𝑁 2 . Then the first order partial differential is 

determined easily with respects to 𝜉1 

𝜕𝑢 

𝜕𝜉1 
= 

𝑁 1 ∑
𝑖 =1 

𝑁 2 ∑
𝑗=1 

𝜕 𝐹 1 ( 𝜉1 , 𝜉
( 𝑖 ) 
1 ) 

𝜕 𝜉1 
𝐹 2 ( 𝜉2 , 𝜉

( 𝑗) 
2 ) 𝑢 

( 𝑘 ) (3) 

where 

𝜕𝐹 ( 𝜉1 , 𝜉
( 𝑖 ) 
1 ) 

𝜕 𝜉1 
= 

𝜕 

𝜕 𝜉1 

𝑁 1 ∏
𝑚 =1 , 
𝑚 ≠𝑖 

( 𝜉1 − 𝜉
( 𝑚 ) 
1 ) 

( 𝜉( 𝑖 ) 1 − 𝜉
( 𝑚 ) 
1 ) 

= 

𝑁 1 ∑
𝑙=1 

𝑁 1 ∏
𝑘 =1 ,𝑘 ≠𝑖,𝑘 ≠𝑙 

( 𝜉1 − 𝜉
( 𝑘 ) 
1 ) ∕ 

𝑁 1 ∏
𝑚 =1 ,𝑚 ≠𝑖 

( 𝜉( 𝑖 ) 1 − 𝜉
( 𝑚 ) 
1 ) (4) 

and 

𝜕𝑢 

𝜕𝜉2 
= 

𝑁 1 ∑
𝑖 =1 

𝑁 2 ∑
𝑗=1 

𝜕 𝐹 2 ( 𝜉2 , 𝜉
( 𝑗) 
2 ) 

𝜕 𝜉2 
𝐹 1 ( 𝜉1 , 𝜉

( 𝑖 ) 
1 ) 𝑢 

( 𝑘 ) (5) 

where 

𝜕 𝐹 2 ( 𝜉2 , 𝜉
( 𝑗) 
2 ) 

𝜕 𝜉2 
= 

𝜕 

𝜕 𝜉2 

𝑁 2 ∏
𝑚 =1 , 
𝑚 ≠𝑖 

( 𝜉2 − 𝜉
( 𝑚 ) 
2 ) 

( 𝜉( 𝑗) 2 − 𝜉
( 𝑚 ) 
2 ) 

= 

𝑁 2 ∑
𝑙=1 

𝑁 2 ∏
𝑘 =1 ,𝑘 ≠𝑖,𝑘 ≠𝑙 

( 𝜉2 − 𝜉
( 𝑘 ) 
2 ) ∕ 

𝑁 2 ∏
𝑚 =1 ,𝑚 ≠𝑗 

( 𝜉( 𝑗) 2 − 𝜉
( 𝑚 ) 
2 ) (6) 

For a block in the real domain, the mapping technique is introduced. 
In general, for two-dimensional area Ω in the Cartesian coordinate ( x 1 , 
x 2 ) can be mapped into a square Ω′ in the domain ( 𝜉1 , 𝜉2 )| 𝜉1 | ≤ 1; | 𝜉2 | ≤ 1 by using a set of quadratic shape functions with eight seeds. The 
quadratic shape functions are defined below 

𝑁 𝑖 ( 𝜉1 , 𝜉2 ) = 

1 
4 
(1 + 𝜉

( 𝑖 ) 
1 𝜉1 )(1 + 𝜉

( 𝑖 ) 
2 𝜉2 )( 𝜉

( 𝑖 ) 
1 𝜉1 + 𝜉

( 𝑖 ) 
2 𝜉2 − 1) for 𝑖 = 1 , 2 , 3 , 4 (7) 

𝑁 𝑖 ( 𝜉1 , 𝜉2 ) = 

1 
2 
(1 − 𝜉2 1 )(1 + 𝜉

( 𝑖 ) 
2 𝜉2 ) for 𝑖 = 5 , 7 (8) 

𝑁 𝑖 ( 𝜉1 , 𝜉2 ) = 

1 
2 
(1 − 𝜉2 2 )(1 + 𝜉

( 𝑖 ) 
1 𝜉1 ) for 𝑖 = 6 , 8 (8) 

The coordinate transform can be written as 

𝑥 𝛼 = 

8 ∑
𝑘 =1 

𝑁 𝑘 ( 𝜉1 , 𝜉2 ) 𝑥 
( 𝑘 ) 
𝛼 (9) 
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