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1. Introduction

The Legendre functions of degree v € C — that is, the solutions of the second order linear ordinary differential equation

1
D y@ =0 (1)

/

z) +
T—z27 (2) 1
— appear in numerous contexts in physics and applied mathematics. For instance, they arise when certain partial differential
equations are solved via separation of variables, they are often used to represent smooth functions defined on bounded
intervals, and their roots are the nodes of Gauss-Legendre quadrature rules. For our purposes, it is convenient to work with
the functions P, and Q, defined for 6 € (0, %) and v > 0 via the formulas

y'(2) —

Pv(e) = (v + %) P, (cos(6))+/sin(0) (2)
and

_ 2 1

Qv(O) = - (v + 5) Qy(cos(0))v/sin(0), (3)
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where P, and Q, are the Legendre functions of the first and second kinds of degree v, respectively. The functions (2) and
(3) are solutions of the second order linear ordinary differential equation

2
v'(0) + <<v + %) + %cosec2(0)> y(©) =0 forall 0 <6 < % (4)

By a slight abuse of terminology, we will refer to (4) as Legendre’s differential equation.

The coefficient of y in (4) is positive and increases with v, with the consequence that P, and Q, are highly oscillatory
when v is of large magnitude. It has long been known that despite this there exist phase functions for (4) which are
nonoscillatory in some sense. In particular, there is a nonoscillatory function o, whose derivative is positive on (0, %) and
such that

= cos(ay(9))
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and
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where W is the Wronskian

W= 2 v+ ! (7)
I 2
of the pair P, Q,. By differentiating the expressions
Q. (0 M
O _ tan (o, (0)) and Pv®) _ cotan (ay (6)), (8)
Py, (0) Q.u(6)
at least one of which is sensible at any point in (O, %) since P, and Q, cannot vanish simultaneously there, we obtain
%%
)0 = —— . 9)
(Pu(®)” + (Q4(6))

That (9) is nonoscillatory is well known. Indeed, this can be seen in a straightforward fashion from Olver's uniform
asymptotic expansions
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and
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for the Legendre functions (a derivation of these expansions can be found in Chapter 5 of [13]). In (10) and (11), A=v + %
Ap(§) =1, and the remaining coefficients Ay, Ay, ... and By, By, ... are defined via the formulas
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and
0
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A () = ~£86) - ¢ [ (cosec (Viel) + ;) Bi(r) dr. (13)
§

By plugging (10) and (11) into (9) and taking (7) into account, we obtain
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O = 000 + (Vo002 (v) vy (14)

The function
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