
Accepted Manuscript

Is it possible to tune a drum?

Pedro R.S. Antunes

PII: S0021-9991(17)30159-6
DOI: http://dx.doi.org/10.1016/j.jcp.2017.02.056
Reference: YJCPH 7188

To appear in: Journal of Computational Physics

Received date: 10 August 2016
Revised date: 1 February 2017
Accepted date: 23 February 2017

Please cite this article in press as: P.R.S. Antunes, Is it possible to tune a drum?, J. Comput. Phys. (2017),
http://dx.doi.org/10.1016/j.jcp.2017.02.056

This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to our customers we are providing
this early version of the manuscript. The manuscript will undergo copyediting, typesetting, and review of the resulting proof before it is
published in its final form. Please note that during the production process errors may be discovered which could affect the content, and all
legal disclaimers that apply to the journal pertain.

http://dx.doi.org/10.1016/j.jcp.2017.02.056


IS IT POSSIBLE TO TUNE A DRUM?

PEDRO R.S. ANTUNES

Abstract. It is well known that the sound produced by string instruments
has a well defined pitch. Essentially, this is due to the fact that all the res-
onance frequencies of the string have integer ratio with the smallest eigen-
frequency. However, it is enough to use Ashbaugh-Benguria bound for the
ratio of the smallest two eigenfrequencies to conclude that it is impossible to
build a drum with a uniform density membrane satisfying harmonic relations
on the eigenfrequencies. On the other hand, it is known since the antiquity,
that a drum can produce an almost harmonic sound by using different den-
sities, for example adding a plaster to the membrane. This idea is applied

in the construction of some Indian drums like the tabla or the mridangam.

In this work we propose a density and shape optimization problem of finding

a composite membrane that satisfy approximate harmonic relations of some

eigenfrequencies. The problem is solved by a domain decomposition technique

applied to the Method of Fundamental Solutions and Hadamard shape deriva-

tives for the optimization of inner and outer boundaries. This method allows

to present new configurations of membranes, for example a two-density mem-

brane for which the first 21 eigenfrequencies have approximate five harmonic

relations or a three-density membrane for which the first 45 eigenfrequencies

have eight harmonic relations, both involving some multiple eigenfrequencies.

1. Introduction

Let Ω ⊂ R
2 be a bounded domain, and consider the Dirichlet eigenvalue problem,

(1)

{
−Δu = ρλu in Ω

u = 0 on ∂Ω,

defined in the Sobolev space H1
0 (Ω). This is a model for the vibration of a drum

where the shape of the membrane is defined by the geometry of Ω. ρ is the density
of the membrane and we will assume that ρ = ρ1χΩ\D + ρ2χD and ρi > 0, i=1,2.

We will denote the eigenvalues by 0 < λ1(Ω, D, ρ) ≤ λ2(Ω, D, ρ) ≤ ... where
each λi(Ω, D, ρ) is counted with its multiplicity and the corresponding orthonormal
real eigenfunctions by ui, i = 1, 2, .... We will also use the notation κi(Ω, D, ρ) =√
λi(Ω, D, ρ) to denote an eigenfrequency.
In this work we will focus on the acoustic properties of a drum that can be

modeled by problem (1). In particular, in this simplified model we are neglecting
the body of the drum.
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