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Available online Xxxx particular recursive co-kriging, and extends it to vector-valued fields and various types

of covariances, including separable and non-separable ones. The framework we propose
is general and can be used to perform uncertainty propagation and quantification in

Iéi{lvs\/:i:?random fields model-based simulations, multi-fidelity data fusion, and surrogate-based optimization.
Multi-fidelity modeling We demonstrate the effectiveness of the proposed recursive GPR techniques through
Recursive co-kriging various examples. Specifically, we study the stochastic Burgers equation and the stochastic
Uncertainty quantification Oberbeck-Boussinesq equations describing natural convection within a square enclosure.

In both cases we find that the standard deviation of the Gaussian predictors as well as the
absolute errors relative to benchmark stochastic solutions are very small, suggesting that
the proposed multi-fidelity GPR approaches can yield highly accurate results.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

High-fidelity numerical simulations of complex stochastic dynamical systems require substantial computing time and
data storage even in modern parallel architectures. This inherently limits the number of system states we can reliably sim-
ulate, thereby affecting accuracy when inferring statistical properties of any phase space function such as the performance
of a certain engineering design. This basic observation has recently driven an explosive growth of fundamental and prac-
tical research at the interface of high-performance scientific computing, probability theory, and applied mathematics. One
of the main features of such research is to replace expensive computational models with cheap surrogates or hierarchies
of surrogates, and then come up with mathematical techniques leveraging on cross-correlations between the output of dif-
ferent surrogates to infer a quantity of interest. This yields a multi-fidelity approach computational modeling, which was first
proposed by Kennedy and O’Hagan [19,20] in a Bayesian setting, and since then used in many different disciplines (see, e.g.,
[25,9]). For example, in [3] the authors presented a non-intrusive framework based on treed multi-output Gaussian pro-
cesses, in which the response statistics are obtained through sampling a properly trained surrogate model of the physical
system. The tree is built in a sequential way and its refinement depends on the observations through a global measure of
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the uncertainty in the prediction, the inferred length scales, as well as the input probability distribution. Gaussian process
regression has also been studied in the context of hierarchical multi-scale modeling of materials. For example, in [22] an
adaptive moving kriging interpolation method was proposed to reduce the number of model evaluations at the fine-scale
and inform the coarse-scale model with essential constitutive information. A multi-fidelity approach for minimizing the
number of evaluations of expensive high-fidelity models was also proposed in [23], where the statistics of the high-fidelity
model are computed based on realizations of a corrected low-fidelity surrogate. The correction function can be additive,
multiplicative, or a combination of the two and it may be updated occasionally by high fidelity model evaluations.

In this paper we propose a new multi-fidelity Gaussian process regression (GPR) approach for predicting finite-
dimensional random fields based on observations of surrogate models or hierarchies of surrogate models. The key idea
relies on representing the map between the space of (random) Fourier or other spectral coefficients associated with any
series expansion (relative to a spatial basis) and the physical space in which the random field develops. In this setting,
the multi-fidelity inference problem for a random field reduces to an inference problem of a multivariate random vector of
Fourier coefficients given data, i.e., vector samples produced by surrogate models at different levels of fidelity. To perform
such inference, one can apply the recursive co-kriging technique recently developed by Le Gratiét et al. [15,13] (see also
[25]) to each component of the vector of Fourier coefficients. From a Bayesian standpoint, this is equivalent to assuming
independent priors for each model output, which may result in loss of information. To overcome this issue, we extend
the recursive co-kriging technique to a multivariate setting (statistical models with vector outputs), to capture the cross-
correlation structure among different vector components. We consider both separable and non-separable priors and quantify
the advantages and trade-offs of each approach. We remark that although the main focus of this paper is revolving around
uncertainty propagation and quantification in model-based computations, the proposed framework can be readily applied
to more general parametric studies such as multivariate inverse problems and multi-objective surrogate-based optimization.

The paper is organized as follows. In Section 2 we introduce the general framework along with some theoretical back-
ground. In Section 3 we give a brief overview of Gaussian process regression (GPR) methods for vector-valued random fields
and introduce our multi-fidelity recursive GPR technique. In Section 4 we evaluate the accuracy of the proposed multi-
fidelity GPR approach by applying it to the stochastic Burgers equation and a stochastic thermal convection problem. Finally,
in Section 5 we summarize our main findings.

2. Methodology

Consider a scalar random field u(x, &) depending on a set of coordinates (or design variables) x € R", as well as on a set
of random parameters & € R%. The field u could be, e.g., the solution to a partial differential equation in which the boundary
conditions are set to be random and represented in terms of &. Suppose that u(x, §) is in a separable Hilbert space. This
allows us to write the series expansion

k

u® &= a@LiE), (1)

i=1

where L;(x) are basis functions depending on the coordinates (or design variables) x while a;(£¢) are functions of random
variables &. If u(x, &) is the solution to a stochastic PDE model, then L;(x) are usually set a priori (spatial basis functions),
while the functions a;(¢) are determined by the PDE, e.g., by computing its solution at specific values of & through the
probabilistic collocation method [1,8,4]. At this point we pose the following question: can we determine a model for the
random vector field

aé)=[a1(&) - -ax(é)] (2)

based on data collected at a specific nodes in the &-space? This question is obviously not new and researchers have been
working on it for decades. For instance, one can use polynomial interpolation of each a;(§) at Chebyshev sparse grids [2].
However, this implicitly assumes that g;(§) is a multivariate polynomial (which we do not know for sure), and also that we
can predict the value of a;(£) at a non-observed location with probability 1, i.e., with no uncertainty. This is obviously not
correct from a statistical standpoint. In a more robust setting, a;(§) should be considered as a random field with known
values at observed points. Following the classical literature [18,19,6,29,12], we shall assume that the distribution of the
vector a(§), conditional to the realization {a; = a(&,),...,a, = a(§,)}, is Gaussian with mean m(§) and (matrix-valued)
covariance function C(§;,§)), ie,

a®)lar, ... an ~GP (m(&), CE;. &) . (3)

As we shall see in the subsequent sections, this setting allows us to build a multi-fidelity Gaussian process regression
framework, in which observations of a(&) obtained from models with different levels of fidelity are combined in a seamless
way to yield a highly accurate Gaussian predictor of a(§).
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