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A FREE ENERGY SATISFYING DISCONTINUOUS GALERKIN METHOD
FOR ONE-DIMENSIONAL POISSON-NERNST-PLANCK SYSTEMS

HAILIANG LIUT AND ZHONGMING WANGH#

ABSTRACT. We design an arbitrary-order free energy satisfying discontinuous Galerkin (DG)
method for solving time-dependent Poisson-Nernst-Planck systems. Both the semi-discrete and
fully discrete DG methods are shown to satisfy the corresponding discrete free energy dissipa-
tion law for positive numerical solutions. Positivities of numerical solutions are enforced by an
accuracy-preserving limiter in reference to positive cell averages. Numerical examples are pre-
sented to demonstrate the high resolution of the numerical algorithm and to illustrate the proven
properties of mass conservation, free energy dissipation, as well as the preservation of steady states.

1. INTRODUCTION

In this paper, we develop an arbitrary-order free energy satisfying numerical method for solving
the initial boundary value problem of the Poisson-Nernst-—Planck (PNP) system,

Oe; =V - (VCi + quZ'V'Lﬂ) reQ, t>0 (1.13)
—AY = gici+po(x), TEQ t>0, (1.1b)
i=1
ci(0,z) = d'z), ze€Q, (1.1c)
o dc; o

o o, o q'c'a—n =0, x e N, t>0, (1.1d)
where ¢; = ¢;(t,x) is the local concentration of i*" charged molecular or ion species with charge ¢;
(1 <4 < m) at the spatial point 2 and time ¢, Q C R? denotes a connected closed domain with
smooth boundary 92, b = (¢, x) is the electrostatic potential governed by the Poisson equation
subject to the Neumann boundary data ¢ and the charge density that consists of both fixed charge
po and mobile ions, the latter being a linear combination of all the concentrations ¢;. Here n is the
unit outward normal vector on the domain boundary 0f2. In this system, the diffusion coefficient,
the thermal energy and the dielectric coefficient have been normalized in a dimensionless manner.
The side conditions are necessarily compatible, i.e.,

/Q (; gici®(x) + po(w)> dz + /89 ods =0, (1.2)

for the solvability of the problem.

The PNP system is a mean field approximation of diffusive molecules or ions, and consists
of Nernst-Planck (NP) equations that describe the drift and diffusion of ion species, and the
Poisson equation that describes the electrostatics interaction. In the process of charge transport
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