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Accelerated degradation analysis plays an important role in assessing reliability andmakingmaintenance sched-
ule for highly reliable productswith long lifetime. In practical engineering, degradation data, especiallymeasured
under accelerated condition, are often compounded and contaminated bymeasurement errors, whichmakes the
analysismore challenging. Therefore, aWiener processmodel simultaneously incorporating temporal variability,
individual variation and measurement errors is proposed to analyze the accelerated degradation test (ADT). The
explicit forms of the probability distribution function (PDF) and the cumulative distribution function (CDF) are
derived based on the concept of first hitting time (FHT). Then, combiningwith the accelerationmodels, themax-
imum likelihood estimations (MLE) of the model parameters are obtained. Finally, a comprehensive simulation
study involving two examples and a practical application are given to demonstrate the necessity and efficiency
of the proposed model.
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1. Introduction

Comparing with the traditional failure time analysis in terms of as-
ymptotic efficiency, the degradation analysis has demonstrated a higher
precision [1]. Thus, degradation analysis is commonly adopted in reli-
ability assessment for today's highly reliable products and has been
well developed over the years [2,3]. For many highly reliable products,
there is always only a small amount of degradation can be inspected
in a reasonable test time span at a use stress level. Insufficient degrada-
tion inspection inevitably results in inaccurate assessment of products'
reliability, which will then lead to wrong decisions in maintenance
scheduling. To settle this problem, ADT is frequently adopted as an ef-
fective solution.

Due to the attractivemathematical properties and physical interpre-
tations, degradation models based onWiener process have been exten-
sively utilized to describe the accelerated degradation of products. A
well-adopted form of the Wiener process in degradation analysis can
be expressed as X(t)=βΛ(t)+σB(Λ(t)), where β is the drift parameter
representing the degradation rate and σ is the volatility parameter, B(⋅)
denotes a standard Wiener process and Λ(t) is defined as the trans-
formed time scale.

Many researchers have applied this popular Wiener process model
to conduct the ADT analysis. Park and Padgett [4] presented a class of ac-
celerated degradation models including Wiener process, Gamma

process and Gaussian process, and developed a statistical inference for
both failure time data and degradation data. Lim et al. [5] developed
an optimal constant-stress ADT (CSADT) plan, which assumed that the
degradation characteristic followed a Wiener process. Liao and Tseng
[6] provided an optimal step-stress ADT (SSADT) plan based on the as-
sumption that the underlying degradation path followed aWiener pro-
cess through a time transformation. Tang et al. [7] developed an
accelerated degradation process method with random effects for the
nonlinear Wiener process. Similar research can be found in Liao and
Elsayed [8], Pan and Balakrishnan [9], and Hua et al. [10].

In the degradation analysis, many real applications suggest that deg-
radation of a batch of products is usually affected by three types of var-
iability including temporal variability, individual variation and
measurement errors [11–13]. The temporal variability is the inherent
variation in the degradation for an individual item, the individual varia-
tion (also named product-to-product variation) describes the heteroge-
neity among the degradation paths of different units and the
measurement errors are usually created during the measurement pro-
cess in the degradation tests because of the imperfect instruments, pro-
cedures and environments. Consequently, to conduct a reasonable
analysis, the three types of variability including temporal variability, in-
dividual variation and measurement errors have to be simultaneously
considered in the modeling procedure. First, when a random process
based model is adopted to depict degradation processes, the temporal
variability is taken into account. Thus, theWiener process based acceler-
ated degradation model proposed in this paper has considered this var-
iation. Meanwhile, the individual variation can be considered by
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incorporating random effects into the Wiener process ADT model [7],
where fixed effects capture the common characteristics while random
effects capture the product-to- product differences. In the current
study, the individual variation is also considered along the line of incor-
porating random effects. Regarding the measurement errors, however,
they have not been considered in ADT analysis in the literature as far
as the authors understand. Significant analysis and prediction errors
may be produced when ignoring measurements errors in ADT model-
ing. Therefore, the first objective of the current study is to remedy this
deficiency, and the necessity of incorporating measurement errors are
further studied and illustrated via comparison. In addition, one should
note that, uncertainty management has been discussed as a key prob-
lem in failure prognostics for an individual system under actual operat-
ing conditions [14,15]. Since the degradation analysis of a batch of
products is focused on in the current study, the uncertainty manage-
ment is not considered.

On the other hand, from the one-time-transformed Wiener process
models, it should be noted that certain relationship, also can be called
limitation, exists between mean and variance because of the only one
time-transformed Λ(t). Taking the linear transformed time scale situa-
tion (i.e., Λ(t) is a linear function of test time) as an example, it is
worth noticing that the time-transformedWiener processwill illustrate
both linear trendβΛ(t) and varianceσ2Λ(t). Although for the commonly
used mixed effects model situation β~N(μ,κ2), the Wiener process will
exhibit a linear mean μΛ(t) and a quadratic variance κ2Λ2(t)+σ2Λ(t),
this quadratic variance is not a generalized one because of the only
one transformed time scale Λ(t). In addition, it is especially noteworthy
that when the degradation illustrates an increasing mean, the well-
adopted Wiener process model and the mixed effect model will both
show an increasing dispersity. In practical engineering, however, this
is not always the case. For instance, the light emitting diodes (LED) de-
terioration data collected by Chaluvadi [16] via an accelerated test show
an increasing mean and a decreasing variance.

To settle this problem, it is necessary to propose a generalized Wie-
ner process model for ADT analysis. A generalized Wiener process
model with two transformed time scales Λ(t) and τ(t), i.e., X(t)=
βΛ(t)+σB(τ(t)), has been investigated in [17,18]. Thismodel candepict
more degradation processes including the circumstance of decreasing
dispersity the one-time-scale model cannot properly characterize. In
real application, however, most researchers have restricted their atten-
tion to the case Λ(t)=τ(t), because it is difficult to obtain an explicit
form of the lifetime distribution when Λ(t)≠τ(t). Thus, motivated by
practical needs, the second objective of this study is to develop a gener-
alizedWiener processmodelwith two time scale transformations to an-
alyze the ADT. The constructed Wiener process model with
measurement error includes the previously given popular formWiener
process (one time scale transformation model) and the other models as
specified cases, and this makes the proposed approach attractive.

The remainder of the paper is organized as follows. Section 2 intro-
duces the generalized Wiener process model with measurement errors
for ADT analysis and the lifetime distribution is derived based on the
FHT concept. Section 3 discusses the MLE for model parameters. In
Section 4, the efficiency and reasonability of the established methodol-
ogy is validated via a comprehensive Monte Carlo simulation study in-
cluding two examples. In Section 5, the proposed approach is
illustrated by a real application involving the ADT of LED and compara-
tive results are given. A summary and conclusion is given in Section 6.

2. Accelerated degradation model

2.1. A generalized Wiener process model

Motivated by the practical needs, a generalizedWiener process deg-
radation model with measurement errors can be defined as:

Y tð Þ ¼ X tð Þ þ ε ¼ βΛ tð Þ þ σB τ tð Þð Þ þ ε ð1Þ

where Y(t) and X(t) denote the degradation inspections and the true
degradation of the product's performance characteristic at time t, ε is
the measurement error term which follows a normal distribution as
ε~N(0,σe

2), and Λ(t) and τ(t) are transformed time scales. To capture
the heterogeneity among the population, β is assumed to be random
and follows a normal distribution β~N(μβ,σβ

2). This normally distribut-
ed random parameter β has been adopted by many studies [7,11,12].
For a preset observation time sequence 0b t1b t2b⋯ b tn, the measure-
ment errors εi are assumed to be mutually independent of each other
and of the true degradation Xi=X(ti) , i=1,2,… ,n.

From the above description, it is clear that the proposed model de-
noted as M0 encompasses the following models as limited cases that
have been studied in the literature. Supposing Λ(t)=τ(t)= t, model
M0 becomes the linear Wiener process model with measurement
error, which has been studied by Peng et al. [13], Pan et al. [19], and
Tang et al. [20]. If Λ(t)=τ(t), model M0 turns to be the regular one
time-transformed Wiener process model with measurement error,
which has been studied by Ye et al. [11] and Whitmore [12]. Letting
τ(t)= t, model M0 becomes the nonlinear Wiener process with mea-
surement errors, whichwas utilized by Tang et al. [21] to predict the re-
maining useful lifetime. When σe=0, model M0 becomes the Wiener
process model not considering measurement errors proposed by
Wang et al. [17,18].

2.2. Degradation modeling for ADT

In ADT analysis, the accelerated relationships are usually utilized to
model the correlation between the degradation rate and the stress [2,
3]. The common accelerated formulas include Arrhenius model, Eyring
model and the power rule model. Thus, the relationship between the
drift parameter β in Eq. (1) and the stress S can be expressed as:

β Sð Þ ¼ aλ S; bð Þ ð2Þ

where a~N(μa,σa
2) and β~N(μaλ(S;b),σa

2λ2(S;b)). Thereafter, λ(S;b)
can be obtained based on the acceleration relationship. For example,
λ(S;b)= exp(−b/S) can be constructed according to the Arrhenius
model.

The CSADT and SSADT are the two common types of ADT and have
been widely studied in the literature, such as LED [22], OLED [23], SLD
[24] and so on.Motivated by thepractical needs, the generalizedWiener
process degradation model withmeasurement errors given in Eq. (1) is
utilized to model the CSADT and SSADT.

In a CSADT, let S0 be a use stress level and S1bS2 ,… , bSL denote L
higher stress levels. Suppose ml units are tested under the stress level
Sl, l=1,2 ,… ,L. The degradation of each unit is measured at a
prespecified test time sequence t1b t2b ,… , b tn. In this paper, for sim-
plicity, letting βl=β(Sl), Λi=Λ(ti) and τi=τ(ti), then the degradation
process under stress level Sl can be defined as:

Y t Sljð Þ ¼ X t Sljð Þ þ ε ¼ βlΛ þ σB τð Þ þ ε ð3Þ

For a SSADT, suppose there arem units in test, and each unit is tested
under L higher stress levels S1bS2,… , bSL. The degradation of each item
is measured at a prespecified test time sequence
t1b t2b ,… , b tn1b tn1+1b ,… , b tn2b ,… b tnl−1

b tnl−1+1b ,… , b tnl ,… , b tn,
where tnl denotes the time point when the stress level changes from Sl to
Sl+1, l=1,2,… ,L−1. Thus, the testing stress for each unit can be
expressed as:

S ¼
S1 0≤t≤tn1
S2
⋮
SL

tn1bt≤tn2
⋮

tnL−1bt≤tn

8><>: ð4Þ
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