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Abstract

This paper presents a necessary and sufficient condition for controllability of two-dimensional

continuous-time and discrete-time symmetric bilinear systems. The presented condition is a linear

algebraic version which is easy to apply and verify. In particular, for the continuous-time case, the

necessary and sufficient condition can replace the classical Lie-algebraic one. For the discrete-time

case, the necessary and sufficient condition is new.

& 2013 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we consider the unconstrained symmetric bilinear system [1]

_xðtÞ ¼ ðu1ðtÞB1 þ � � � þ umðtÞBmÞxðtÞ ¼
Xm

i ¼ 1

uiðtÞBixðtÞ, ð1Þ

where xðtÞ 2 Rn, u1ðtÞ, . . . ,umðtÞ 2 R are piecewise constant and B1, . . . ,Bm 2 Rn�n, and its
discrete-time counterpart by Euler discretization [1,2]

xðk þ 1Þ ¼ ðI þ u1ðkÞB1 þ � � � þ umðkÞBmÞxðkÞ ¼ I þ
Xm

i ¼ 1

uiðkÞBi

 !
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where xðkÞ 2 Rn and u1ðkÞ, . . . ,umðkÞ 2 R. Without loss of generality, B1, . . . ,Bm are always
assumed to be linearly independent. Note that system (1) can be derived from autonomous
linear systems if considering the parameters as control inputs. System (1) can also be seen
from switched linear systems if u1ðtÞ, . . . ,umðtÞ satisfy a switching law.

Indeed, bilinear systems are good models to represent many real-world processes
ranging from engineering to non-engineering fields [1–5]. Besides, they can be used to
approximate complex nonlinear systems that the classical linear systems do not fit [6].
Over the past decades, there has been a great interest in the theory and applications of
bilinear systems [1]. Controllability of continuous-time bilinear systems has thus received
considerable attention, among which the unconstrained symmetric bilinear systems are
thought of to have the most complete theory. For controllability of discrete-time bilinear
systems, however, only a few works have been done. Here, system (1) (system (2)) is said to
be controllable if for any x, Z in Rn

n
ðRn

n
:¼ Rn

\f0gÞ, there exist control inputs such that x can

be transferred to Z.
There already exists a necessary and sufficient Lie-algebraic criterion on controllability

of system (1),1 where the theory of Lie groups and Lie algebras has played an important
role. The necessary and sufficient Lie-algebraic criterion says that system (1) (nZ2) is
controllable if and only if the Lie algebra fB1, . . . ,BmgL generated by B1, . . . ,Bm is transitive

[1]. However, controllability of system (2) is unknown. In this paper, we focus on the
systems in dimension two. We first derive a linear algebraic criterion on controllability of
system (1) instead of the Lie-algebraic one, which is easy to apply and verify. We then show
that the derived linear algebraic criterion also works for system (2). As a result, system (1)
will be controllable if and only if its discrete-time counterpart is controllable. Finally, we
make discussions on controllability of the systems with high dimensions.

2. Continuous-time case

We introduce a necessary condition on controllability, which is valid for both systems
(1) and (2).

Theorem 1. Consider the system (1) (system (2)) with m41, n41. If the system is

controllable, then B1, . . . ,Bm have no common real eigenvector.

Proof. If B1, . . . ,Bm have a common real eigenvector, named x, then it can be seen that
the linear subspace spanfxg is invariant for the system (1) (system (2)). That is, any
state initiated from spanfxg will not leave it, which makes the system (1) (system (2))
uncontrollable. &

For sufficient conditions for system (1) or (2) to be controllable, the necessary one of
Theorem 1 will suffice if the system dimension is two. We first prove this for system (1) by
using the following result.

Theorem 2 (Koditschek and Narendra [7]). For any linearly independent B1,B2 2 R2�2, the

Lie algebra fB1,B2gL generated by B1, B2 is transitive if and only if B1, B2 have no common

real eigenvector.

1For the study on controllability of systems (1) and (2), one can go to Appendix A.
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