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Abstract

The n-point Gauss quadrature rule states thatZ 1

�1

f ðxÞoðxÞdx ¼
Xn

i¼1

wif ðziÞ þ Rnðf Þ,

where zi and wi, i ¼ 1; . . . ; n, are called, respectively, the Gaussian nodes and weights. It is known

that the formula is exact of degree 2n� 1. We provide an extension of this rule by considering

x ¼ �1 and 1 as the pre-assigned nodes of certain order n1 and n2, respectively. For this, we construct

interpolating orthogonal polynomials that make the suggested rule capable of utilizing the maximum

information related to the value and derivatives of the integrand f at these points. Our proposed rule

is different from Gauss–Lobatto and Gauss–Radau quadrature formulae, which also take care of

these points to a certain extent. The results related to the degree of exactness and convergence are

also presented. Some questions related to our proposed rule which may require further investigation

are narrated as well.

r 2006 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

Keywords: Gauss quadrature rule; Hermite interpolation; Interpolating orthogonal polynomials; 3-Term

recurrence relation; Degree of exactness; Convergence

ARTICLE IN PRESS

www.elsevier.com/locate/jfranklin

0016-0032/$30.00 r 2006 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.

doi:10.1016/j.jfranklin.2006.02.023

�Tel.: +966 38602112; fax: +966 38602340.

E-mail address: mbokhari@kfupm.edu.sa.

www.elsevier.com/locate/jfranklin
dx.doi.org/10.1016/j.jfranklin.2006.02.023
mailto:mbokhari@kfupm.edu.sa


1. Introduction

By an n-point quadrature rule with respect to a weight function oðxÞX0;�1pxp1, we
mean an approximation of the integral

I½f ;o� ¼
Z 1

�1

f ðtÞoðtÞdt (1)

by a finite sum of the form

Sn½f � ¼
Xn

k¼1

f ðtkÞwk, (2)

where the n distinct nodes tk 2 ð�1; 1Þ and the n weights wk are real numbers. If Rnðf Þ

denotes the error of approximation, then the n-point quadrature rule for the evaluation
integral (cf. Eq. (1)) may be expressed as

I½f ;o� ¼ Sn½f � þ Rnðf Þ. (3)

This rule is said to be exact of degree at least l if Rnðf Þ ¼ 0; 8f 2 pl . Here and throughout
this paper, the notation pn will denote the class of all polynomials of degree at most n. Let
Ln�1ð:; f Þ 2 pn�1 be the Lagrange polynomial that interpolates f at n distinct nodes
tj ; j ¼ 1; 2; . . . ; n. If we set

wk ¼

Z 1

�1

QnðtÞ

ðt� tkÞQ
0
nðtkÞ

oðtÞdt; k ¼ 1; 2; . . . ; n, (4)

with QnðtÞ :¼
Qn

i¼1ðt� tiÞ, then Eq. (2) can be rewritten as Sn½f � ¼ I½Ln�1ð:; f Þ;x�.
An n-point quadrature rule in which the n weights are related to some interpolation

conditions is called interpolatory [1].
It may be noted that inserting the values of wk’s from Eq. (4) into Eq. (2) reduces

relation (3) to I½f ;x� ¼ Sn½f � when f 2 pn�1. T herefore, the degree of exactness of the
n-point interpolatory quadrature rule is at least n� 1 [1].
The degree of exactness of an n-point interpolatory formula may be increased by an

appropriate choice of n nodes. In particular, it increases up to 2n� 1 if the n nodes and the
n weights are kept free in the n-point interpolatory formula. This remarkable fact was
established by Gauss in 1814 [2] for the weight function oðxÞ � 1 and was further extended
to more general weight functions by Christoffel in 1877 [3]. Jacobi [4] considered the
optimal degree of exactness from a different angle. The following theorem is essentially due
to him [1].

Theorem A. The quadrature rule with respect to a weight function oðtÞX0 has degree of

exactness n� 1þ k; kX0, if and only if

(a) the formula (3) is interpolatory;
(b) the node polynomial QnðtÞ (cf. Eq. (4)) satisfies

I½Qnq;o� ¼ 0 8q 2 pk�1. (5)

In general, condition (5) is known as the orthogonality condition. It is clear that kpn.
Otherwise, replacing qðtÞ by QnðtÞ in Eq. (4) will lead to a contradiction. Also, the optimal
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