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a b s t r a c t

Automotive brake systems are always subjected to various types of uncertainties and two
types of random-fuzzy uncertainties may exist in the brakes. In this paper, a unified
approach is proposed for squeal instability analysis of disc brakes with two types of
random-fuzzy uncertainties. In the proposed approach, two uncertainty analysis models
with mixed variables are introduced to model the random-fuzzy uncertainties. The first
one is the random and fuzzy model, in which random variables and fuzzy variables exist
simultaneously and independently. The second one is the fuzzy random model, in which
uncertain parameters are all treated as random variables while their distribution parame-
ters are expressed as fuzzy numbers. Firstly, the fuzziness is discretized by using a-cut
technique and the two uncertainty analysis models are simplified into random-interval
models. Afterwards, by temporarily neglecting interval uncertainties, the random-
interval models are degraded into random models, in which the expectations, variances,
reliability indexes and reliability probabilities of system stability functions are calculated.
And then, by reconsidering the interval uncertainties, the bounds of the expectations, vari-
ances, reliability indexes and reliability probabilities are computed based on Taylor series
expansion. Finally, by recomposing the analysis results at each a-cut level, the fuzzy reli-
ability indexes and probabilities can be obtained, by which the brake squeal instability
can be evaluated. The proposed approach gives a general framework to deal with both
types of random-fuzzy uncertainties that may exist in the brakes and its effectiveness is
demonstrated by numerical examples. It will be a valuable supplement to the systematic
study of brake squeal considering uncertainty.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

During the braking of automotive, friction-induced vibrations and instabilities can be excited by friction and it is likely to
produce undesirable squealing noise. The squealing noise usually ranges from 1 to 16 kHz and its sound pressure level is
greater than 70 dB [1]. Brake squeal is a source of considerable discomfort and can lead to dissatisfaction of the passengers
both inside and outside the automobile. Although this issue has been extensively studied for many years, it still remains an
unsolved problem and it has become one of the major concerns and a great challenge for automotive manufacturers and
researchers.
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Brake squeal has been studied since 1930s and the review of this complex phenomenon has been comprehensively
reported in the literature [1–6]. In those review papers, several squeal mechanisms have been summarized such as stick-
slip, sprag-slip, hammering and mode-coupling. Recently, the mechanisms of moving loads [7] and time delay [8] have also
been presented for squeal phenomenon.

In addition to the mechanism researches, considerable numerical and experimental studies are available for squeal anal-
ysis and optimization in the literature. For example, sensitivity analysis methods for squeal problemwere presented by Guan
et al. [9], Butlin et al. [10] and Nechak et al. [11]; parameter studies for brake stability analysis were carried out by Liu et al.
[12] and Júnior et al. [13]; the damping effects on squeal noise was investigated by Fritz et al. [14,15]; structural optimiza-
tions for squeal suppression were proposed by Guan et al. [16] and Soh et al. [17]; the nonlinear or chaotic phenomenon
formulations of squeal noise were conducted by Sinou et al. [18], Massi et al. [19] and Oberst et al. [20]; and new efficient
reduction methods for stability analysis of brake systems are proposed by Monteil et al. [21]. It can be seen that considerable
effort has been dedicated to analyze and resolve squeal problem and great success and significant results have been
achieved. However, all the above-mentioned studies are based on deterministic methods which cannot take input uncer-
tainty into account.

In engineering practice, brake systems are highly complex structures, whose parameters often exhibit a quite high degree
of uncertainty inevitably. Nowadays, in order to present robust designs and improve the predictions of numerical simula-
tions, it is a common trend to introduce non-deterministic studies into squeal simulations in automotive industry. To
describe the uncertainty existing in brakes, the random method is most widely proposed. Sarrouy et al. [22,23] improved
the efficiency and accuracy of the linear and non-linear brake squeal analyses based on polynomial chaos expansions. Tison
et al. [24] and Nechak et al. [11] presented a complete strategy or sensitivity analysis to improve the prediction of squeal
simulations by introducing robustness. Nobari et al. [25] presented an efficient approach of uncertainty propagation for
brake instability analysis via kriging method. Recently, Renault et al. [26] have improved the correlation between experi-
mental and numerical prediction of unstable frequencies for an automotive brake by considering the detected uncertainty.
And in the recent work of Zhang et al. [27], a stochastic approach has been developed to demonstrate the potential of an
uncertainty analysis in improving the prediction of nonlinear brake squeal propensity using a linear method. These non-
deterministic studies have achieved significant successes in squeal instability analysis and they have greatly promoted
the development of the analysis methods of uncertain squeal problem.

Nevertheless, in these non-deterministic studies, the uncertain parameters of brakes are all treated as random variables
whose probability distributions are defined unambiguously. In fact, to construct the precise probability distributions, a great
number of statistical or experimental data is required. Unfortunately, under some uncertainty cases, the data of some uncer-
tain parameters of brakes is limited, or it is difficult to measure their exact probability distributions. Consequently, the non-
probabilistic approach, such as fuzzy method, has been considered as a useful alternative to random method. Therefore, in
addition to randommethod, the fuzzy method has also been widely applied in squeal instability analysis. For example, Gian-
nini [28] presented a fuzzy model to predict the zones of possible squeal frequencies, in which all the characteristic param-
eters of a simplified experimental brake are modeled with fuzzy numbers; Gauger et al. [29] applied fuzzy finite element
simulations to conduct squeal analysis of an industrial brake and the contact parameters and the friction coefficient are
all described as fuzzy numbers. And very recently, Massa et al. [30] presented a comprehensive strategy to calculate the
fuzzy frequencies and fuzzy growth rates of a friction-induced vibration system by integrating fuzzy logic, fuzzy sets and
interval theories. These non-deterministic studies have also achieved great successes in squeal instability analysis. However,
only the interval bounds of analysis results at specific fuzzy levels can be obtained when fuzzy method is employed, and the
probability distributions of analysis results are all missing.

Apparently, the random method and the fuzzy method are applied to handle the squeal problem separately rather than
simultaneously in all existing studies of brake squeal. In engineering practice, randomness and fuzziness may exist in the
brakes simultaneously under some special cases. To cope with these special cases and to keep the advantages of random
method and fuzzy method simultaneously, two uncertainty analysis models with mixed variables can be introduced. The
first one is the random and fuzzy model. In this model, the random variables are applied to describe the uncertain param-
eters whose probability distributions can be determined with sufficient data, while the fuzzy variables are employed to
describe the uncertain parameters with limited or fuzzy information. The second one is the fuzzy random model, in which
the uncertain parameters are all treated as random variables, but their distribution parameters (e.g., means or standard devi-
ations) can only be expressed as fuzzy numbers but not deterministic values due to limited or fuzzy information. Both types
of random-fuzzy uncertainty cases are very likely to appear in automotive brakes. Brake squeal analysis with both types of
uncertainties is coming to attract researchers’ attentions. Recently, based on interval analysis [31], the squeal analysis and
optimization of disc brakes with both random and interval uncertainty have been investigated by Lü and Yu [32,33]. Nev-
ertheless, from the overall perspective, squeal analysis with two different types of uncertainties is still at the preliminary
stage and some important issues still remain to be solved. For example, squeal analysis involving both random and fuzzy
uncertainties is not yet explored, especially a unified approach for squeal analysis involving two types of random-fuzzy
uncertainties has not been explored.

Therefore, this paper aims to explore and put forward a unified approach for squeal instability analysis of disc brakes with
two types of random-fuzzy uncertainties. It is desired to properly process the randomness and fuzziness simultaneously
existing in an uncertain brake, and put forward an accurate and effective way for the uncertainty analysis of squeal insta-
bility. This paper is organized as follows. First, the deterministic analysis of squeal instability is introduced in Section 2. Then,
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