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Granular representation of signals

This study focuses on a granular representation of signals. The development process dwells upon the use
of the principle of justifiable granularity encountered in Granular Computing and the least square error
method. This process consists of two phases where the construction of granular representatives of a fam-
ily of signals (temporal data) is realized by invoking the design at the local and global level. At the local
design level involving individual elements of the universe of discourse (time moments), the principle of
justifiable granularity is applied to construct (a vertical part) information granules. At the global level,
the least square error method is invoked to develop the bounds (envelopes) of the information granules
already formed at the local level. Experimental studies are reported for the granular representation of
synthetic data and publicly available ECG signals. Furthermore we demonstrate that the proposed ap-
proach can be used to construct fuzzy sets of type-2.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

For the signal processing, we are faced with several fundamen-
tal types of issues such as classification [48,53,54,67], prediction
[50-52], compression and representation [45-47,66]. Owing to the
uncertainties and the nonlinearities of the signals as well as the
diversity of signals belonging to the same class, it becomes diffi-
cult or impractical to establish the exact mathematical models of
signals. In order to cope with these issues, Computational Intelli-
gence has been investigated as a viable conceptual and algorithmic
framework. For example, some research is carried out with a focus
on the technology of fuzzy sets with applications reported in fore-
casting time series, identification of non-linear dynamic systems
and so on [35-39,62,64], as it could capture uncertainty and di-
versity of signals and ensuing systems, for instance, uncertainty of
the rules and the noisy data. Signal processing is also carried out
with the aid of neural networks, evolutionary algorithms (such as
particle swarm optimization, differential evolution and others) and
Granular Computing (owing to the development and usage of gran-
ular models) for signal representation, compression, classification
and prediction [40-44,49,63,65]. The importance and usefulness of
Granular Computing stem from the fact that information granules
involved in the modeling temporal data help capture and quantify
a diversity of signals and build their abstract representation.
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As an emerging paradigm of information processing, Granu-
lar Computing plays a pivotal role in the construction of human-
centric models [5,7,14,15,59-61]. Let us recall that Granular Com-
puting is about acquiring, processing, interpreting and communi-
cating information granules [3,4]. Information granules are formal-
ized as sets, fuzzy sets, rough sets and the like [2]. Note that the
central thought behind information granules is a notion of abstrac-
tion: instead of considering individual elements exhibiting some
closeness or resemblance, we arrange them together by forming a
single information granule. Information granules are abstract enti-
ties which arise through the process of formation of an abstract
view at a certain real-world phenomenon or system. While de-
signing granular models, the construction of information granules
is of paramount relevance and constitutes a challenging problem.
This problem has been intensively studied [1,9,29-34,55-57], how-
ever a number of issues are still open. A way of forming granu-
lar representatives of a collection of data or signals is discussed in
[9] and [29]. In [9], a granular representative of a collection of sig-
nals is obtained by using fuzzy clustering, more specifically fuzzy
C-means (FCM) [16]. While in [29], the method just concentrate on
the construction of interval granules.

The key objective of this study is to establish a two-phase de-
velopment process of a granular representation of signals. In the
design, we engage the principle of justifiable granularity (when
constructing individual information granules for the correspond-
ing time moments; such granules are locally formed information
granules) and the Least Square Error (LSE) approximation (leading
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to the refinement and construction of an information granule of a
global nature). There are three evident advantages for the proposed
method: at every time moment, the local information granule is
reflective of the locally available data and in the design we capture
the essential properties of the data expressed in terms of the mea-
sures of coverage and specificity. The formation of the global infor-
mation granule is completed with the least square error method,
in which way the properties of locally formed information gran-
ules are retained and reconciled. In comparison to the methods in-
troduced in [9] and [29], the proposed method could be applied to
construct both interval and fuzzy granules and is not impacted by
a choice of numeric values of some parameters of the clustering
method.

In what follows, we assume that we are concerned with space
X={x1,X2, ..., Xy}, XCR and we are also concerned with n signals
located in some real-valued space YCR for each x; (x; € X) being
provided in the following format:

X1 Y1, Y12, - Y1n
X2 Y21,Y22, - Yon

XN YN1,YN2, .-, YNn

In numerous real-world problems, we encounter signals belong-
ing to a certain class. The intent is to find a representative of such
signals so that this representative captures the essence of the data
to the highest extent. We advocate that when a collection of nu-
meric signals is characterized, the description (prototype) has to
account for the inherent diversity existing within the family of sig-
nals and be made at the higher level of abstraction in the form of
an information granule rather than a numeric signal (for example,
an average of all signals belonging to the same class).

The rest of this paper is structured as follows: In Section 2, the
underlying concepts are briefly reviewed; the formulation of the
problem along with its detailed two-phase solution is presented
in Section 3; experimental studies are reported in Section 4; in
Section 5, the conclusions are drawn.

2. Preliminaries

This section serves as a brief introduction to the concepts used
throughout the paper. In particular, we bring forward the principle
of justifiable granularity [8,17].

The principle of justifiable granularity, originally introduced in
[8], serves as a fundamental design vehicle to form information
granules [13] realized in the presence of experimental evidence
(data). It constitutes a generic method for the designing of infor-
mation granules in Granular Computing [23-27]. The principle ex-
hibits a significant deal of generality. First, it applies to a variety of
formal settings of Granular Computing. Second, it applies to vari-
ous formats of experimental evidence that could be composed of
information granules coming as intervals, fuzzy sets, probability
density functions and others not being exclusively confined to nu-
meric data.

In its generic version, the construction of information granule
is carried out in the presence of numeric one-dimensional data. It
translates into a certain optimization problem, in which we maxi-
mize the following intuitively appealing criteria: (i) high data cov-
erage and (ii) high specificity of the constructed information gran-
ule. Concisely speaking, coverage, cov(.), expresses an extent to
which the constructed information granule “covers” (includes) the
available experimental data. The higher the coverage, the more le-
gitimate (justifiable) the formed information granule tends to be-
come. The specificity, sp(.), as the name stipulates, quantifies how
detailed the information granule is. Intuitively, the highest speci-
ficity is achieved for an information granule consisting of a sin-
gle element, sp({z})=1. The more elements contribute to the in-

formation granule, the lower its specificity tends to become. It is
easy to note that the increase in the coverage yields lower speci-
ficity values and vice versa. As both of the requirements have to
be satisfied, one can consider a product of coverage and specificity
and regard it as a suitable performance index whose value have to
be maximized with respect to the parameters of the information
granule. In case of interval information granule, these parameters
are the bounds of the interval. In situation when we focus on fuzzy
sets, those are the parameters of fuzzy sets (for instance, in case of
a triangular fuzzy set, the parameters are modal value and lower
and upper bounds).

3. The two-phase design of granular representation of signals

The development of the granular representation of signals is
completed in two phases. The local phase is concerned with the
formation of an information granule for individual elements of the
universe (viz. discrete time moments). The global phase focuses on
the development of envelopes (bounds) completed over all infor-
mation granules already produced at the local basis.

3.1. Formulation for the two-phase optimization method

As noted, the development process consists of the two essential
construction phases:

(i) the determination of the parameters of each vertical infor-
mation granule. For each x; in X, we construct the corre-
sponding information granule A; by invoking the principle
of justifiable granularity. Because of the focus of this con-
struct, we refer to A; as the vertical information granule. It is
referred to as the local granule also, as the vertical informa-
tion granule constructed for each x; is part of the final result.
The analytical form of A; is predetermined and its parame-
ters are estimated. Obviously, the parameters depend on the
type of the considered information granule. For instance, in
case of an interval, we have a triple of numbers (a;, m;, b;)
(the detailed algorithm about how to obtain these parame-
ters is given in Section 3.2) describing the lower bound, the
central point and the upper bound of the interval. If a fuzzy
set, which is described by a triangular, parabolic or square
root membership function is considered, the individual coor-
dinates concern the lower bound, modal value, and the up-
per bound of the fuzzy set.

(ii) the determination of the envelope functions (envelopes) of
the vertical granules formed over X. Having (a;, m;, b;)
constructed at the local phase, the parameters of the en-
velopes are determined through curve fitting. This opti-
mization problem falls under the rubric of the least square
error approximation. More specifically, given the paramet-
ric form of the fitting functions, their parameters are esti-
mated. With this regard, we form three functions pertain-
ing to the bounds and modal values of the vertical infor-
mation granules. For the data (x; g;), (i=12, ..., N), one
constructs f~. The formation of f is carried out on a ba-
sis of (x;, m;) whereas f*is constructed on a basis of (x;,
b;). Furthermore the obvious inequality f~ < f < f* implies
a constraint-based optimization, which has to be taken into
consideration in the overall development process. It is no-
ticeable that now the parameters of the individual fitting
functions are considered together in the approximation of
the envelopes of the information granules. This step realizes
the global phase and the final result produces an informa-
tion granule of a global character. The essence of this two-
phase design is depicted in Fig. 1.
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