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1. Introduction

Atomistic-to-continuum coupling methods (a/c methods) have been proposed to increase the computational efficiency of
atomistic computations involving the interaction between local crystal defects with long-range elastic fields
[7,22,29,40,15,30,6,18]; see [26] for a recent review of a/c coupling methods and their numerical analysis. Energy-based
methods in this class, such as the quasicontinuum model (denoted QCE [41]), exhibit spurious interfacial forces (“ghost
forces”) even under uniform strain [39,8]. The effect of the ghost force on the error in computing the deformation and
the lattice stability by the QCE approximation has been analyzed in [8,9,31,10], where lattice stability refers to the positive
definiteness of the Hessian matrix of the total potential energy. The development of more accurate energy-based a/c meth-
ods is an ongoing process [40,15,37,38,20,34,5].

An alternative approach to a/c coupling is the force-based quasicontinuum (QCF) approximation [11,12,7,29,25], but the
non-conservative and indefinite equilibrium equations make the iterative solution and the determination of lattice stability
more challenging [13,12,14]. Indeed, it is an open problem whether the (sharp-interface) QCF method is stable in dimension
greater than one. Although some recent results in this direction exist [24], it is still unclear to what extent they can be ex-
tended for general atomistic domains and in the presence of defects.

Many blended a/c coupling methods have been proposed in the literature, e.g., [4,2,23,1,36,16,35,3,42]. In [21], we formu-
lated a blended force-based quasicontinuum (B-QCF) method, similar to the method proposed in [25], which smoothly
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blends the forces of the atomistic and continuum model instead of the sharp transition in the QCF method. Under the sim-
plifying assumption that deformation is homogeneous, we established sharp conditions under which a linearized B-QCF
operator is positive definite, which effectively guarantees stability of the numerical scheme. Surprisingly, the required blend-
ing width to ensure positive definiteness of the linearized B-QCF operator is asymptotically small (however typical prefactors
in the relative size of the blending region are not predicted by the theory). The one-dimensional theory developed in [21] is
complete and agrees with the numerical experiments. However, the two-dimensional theory was based on a conjecture that
has been proved only in a particular case (see Remark 3.1 for more details) and therefore requires numerical validation.

In the present paper, we present focused numerical experiments to validate and extend the theoretical conclusions in
[21,19]. In particular, we study (i) whether stability of the B-QCF method in 2D can be systematically improved with increas-
ing the blending width, (ii) whether a relatively narrow blending, as suggested by the theory, is enough in practice, and (iii)
whether using the quintic spline (that has the regularity assumed in the theory) has advantages over the cubic spline. In
addition we provide accuracy benchmarks similar to those in [27]. Our numerical benchmarks demonstrate that the
B-QCF scheme is a practical a/c coupling mechanism with performance (accuracy versus computational cost) superior to
energy-based blending schemes.

1.1. Summary

In Section 2, we introduce the B-QCF model for a 1D atomistic chain. We state the asymptotically optimal condition
on the blending size in Theorem 2.1 and apply a uniform expansion to the atomistic chain in subSection 2.2. The crit-
ical strain errors between the atomistic and B-QCF models with different blending size are computed in this subsec-
tion. The numerical results perfectly match the analytic prediction, that is, the errors decay polynomially in terms of
the blending size.

In Section 3, we establish the B-QCF model for a 2D hexagonal lattice. We state sufficient and necessary conditions
on the blending width under which the B-QCF operator is positive definite. To numerically investigate the positive-def-
initeness of the B-QCF operators in 2D, we apply three different classes of deformations to the perfect lattice, which
are the uniform expansion, two types of shear deformation, and a general class of homogeneous deformations. The re-
sults of 2D uniform expansion are similar to those of the 1D example, and they agree with the theoretical conclusions
well.

The stability regions of the different models under homogeneous deformations are consistent with the analytic predic-
tion. By using a small blending region, the 2D B-QCF operator becomes almost as stable as the atomistic model, compared
to the fact that the stability region of the force-based quasicontinuum (QCF) method, i.e., the B-QCF method without blend-
ing region, is a proper subset of the fully atomistic model [13,12,14]. However, the stability error under shear deformation for
the B-QCF operator seems to only depend linearly on the system size, which is observed from the numerical experiments.

In Section 4, we implement the B-QCF method from a practical point of view. We briefly review the accuracy results in
terms of computational cost, i.e., the total number of degrees of freedom DoF, and then include some numerical experiments
for a di-vacancy and microcrack to demonstrate the superior accuracy of B-QCF over other a/c coupling schemes that we
have investigated previously in [27].

2. The B-QCF operator in 1D
2.1. Notation

We denote the scaled reference lattice by €Z := {€¢: ¢ € Z}. We apply a macroscopic strain F > 0 to the lattice, which
yields
yr := FeZ = (Fel)

lez"

The space U/ of 2N-periodic zero mean displacements u = (u,),., from y; is given by
N
U= {u ‘Upoy = U, for £ € 7, and Z U = 0}
(=-N+1
and we thus admit deformations y from the space

Ve :={y :y =¥+ u for some u € U}.
We set € = 1/N throughout so that the reference length of the computational cell remains fixed.
We define the discrete differentiation operator, Du, on periodic displacements by
Uy —Upq

(D), ===, —so< <.

We note that (Du), is also 2N-periodic in ¢ and satisfies the zero mean condition. We will often denote (Du), by Du,. We
then define (D(Z)u) ,and (D“)u)[ for —co < £ < co by
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