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Abstract

A very efficient methodology to carry out reliability-based optimization of linear systems with random structural parameters and ran-
dom excitation is presented. The reliability-based optimization problem is formulated as the minimization of an objective function for a
specified reliability. The probability that design conditions are satisfied within a given time interval is used as a measure of the system
reliability. Approximation concepts are used to construct high quality approximations of dynamic responses in terms of the design vari-
ables and uncertain structural parameters during the design process. The approximations are combined with an efficient simulation tech-
nique to generate explicit approximations of the reliability measures with respect to the design variables. In particular, an efficient
importance sampling technique is used to estimate the failure probabilities. The number of dynamic analyses as well as reliability esti-
mations required during the optimization process are reduced dramatically. Several example problems are presented to illustrate the
effectiveness and feasibility of the suggested approach.
� 2008 Elsevier B.V. All rights reserved.
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1. Introduction

Structural optimization via general nonlinear mathe-
matical programming techniques has been widely accepted
as a viable tool for engineering design. When a structure is
being designed the environmental loads that the built struc-
ture will experience in its lifetime are highly uncertain. The
load time history needed in the dynamic analysis of a struc-
ture subject to environmental loads such as wind, water
wave excitation, and earthquake is an uncertain value func-
tion, and it is best modeled by a stochastic process
[15,26,18,5]. Likewise, response predictions are made dur-
ing the design stage based on structural models whose
parameters are uncertain. This is because the properties
that will be exhibited by the structure when completed
are not known precisely. These uncertainties result from

the numerous assumptions made when modeling the geom-
etry, boundary conditions, material behavior, etc. Probabi-
listic methods provide the means for incorporating system
uncertainties as random variables with a prescribed joint
probability density function. Uncertainties in both loading
and structural properties can adversely affect the reliability
and performance of the structural system. Therefore, it is
necessary to consider their effects explicitly during the opti-
mization process to achieve a balance between cost and
safety for the optimal design.

In reliability-based structural optimization, the con-
straints are usually reliability requirements with respect
to possible failure modes of the structure. Probability that
design conditions are satisfied within a given time period is
commonly used as a measure of system reliability [6,19,24].
Then, the first excursion probability that any one of the
system response functions of interest exceeds in magnitude
some specified threshold level within a given time duration
needs to be estimated. In an optimization environment,
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reliability measures need to be evaluated several times
before a near optimal design can be obtained. System reli-
ability that accounts for the uncertainties in the system
parameters as well as the uncertainty in the excitation is
given by the total probability theorem. It takes the form
of a particular multidimensional integral over the space
of uncertain system parameters. For complex systems the
estimate of reliability measures at a given design must be
obtained by carrying out a simulation procedure [22].
Then, the evaluation of these quantities for every change
of the optimization variables requires the evaluation of
dynamic responses of the structural system. In general,
these responses are nonlinear implicit functions of the
design variables and uncertain system parameters. For sys-
tems of practical interest, the repeated evaluation of
dynamic responses can be extremely time consuming. From
an optimization point of view, reliability-based optimiza-
tion problems can be characterized as two-level optimiza-
tion problems. Level one is the overall optimization in
the design variables, and level two is the reliability esti-
mates. For realistic systems, these estimates completely
dominate the total calculation cost. Therefore, the reliabil-
ity estimates should be evaluated in an efficient manner and
the number of response calculations must be as few as pos-
sible during the optimization process.

The general formulation of reliability-based structural
optimization may involve a wide range of structural prob-
lems such as linear and nonlinear systems with uncertain-
ties in the material properties and/or loading conditions.
This paper focuses on a particular class of important prob-
lems in stochastic dynamics. Namely, linear systems with
uncertain structural parameters subjected to general
Gaussian excitation. The specific purpose of this work is
to develop an efficient computational procedure for the
reliability-based optimization of uncertain stochastic linear
dynamical systems. The proposed methodology can be seen
as a further development of the method presented in [12].
In that work, an efficient procedure which allows to carry
out reliability-based optimization of deterministic linear
systems under stochastic loading was presented. An
approximation strategy was introduced to construct high
quality approximations of dynamic responses. The approx-
imations were combined with an efficient simulation tech-
nique to generate explicit approximations of reliability
measures in terms of the design variables. In the present
approach, the system reliability is estimated by an efficient
simulation technique that accounts for the uncertainty in
the system parameters and excitation. The technique is
combined with an efficient local approximation strategy
for the approximation of reliability measures in terms of
the design variables. The proposed procedure dramatically
reduces the number of system analyses as well as the reli-
ability estimations required during the entire design
process.

First, the definition of the structural optimization prob-
lem and the corresponding mechanical modeling of the
physical system are presented. An efficient methodology

to estimate excursion probabilities of uncertain linear sys-
tems subjected to stochastic excitations is then discussed.
Next, an effective approximation strategy to carry out the
optimization process is considered. Finally, some example
problems are presented to illustrate the performance of
the proposed method.

2. Formulation of the optimization problem

Let the vectors fyg; yi; i ¼ 1; . . . ; nd , fhg; hi; i ¼ 1; . . . ;
ns, and fzg; zi; i ¼ 1; . . . ; nT represent the vector of design
variables, uncertain structural parameters, and random
variables that specify the stochastic excitation, respectively.
The uncertain structural parameters fhg are modeled using
a prescribed probability density function qðfhgÞ while the
random variables fzg are characterized by a probability
function pðfzgÞ. These functions indicate the relative plau-
sibility of the possible values of the uncertain parameters
fhg 2 Xfhg � Rns and random variables fzg 2 Xfzg � RnT ,
respectively. In this context, it is clear that a system
response ri evaluated at the design fyg depend on the par-
ticular set of values ðfhg; fzgÞ ¼ ½h1; . . . ; hns ; z1; . . . ; znT � of
the set of uncertain parameters ðfHg; fZgÞ ¼ ½H1; . . . ;
Hns ; Z1; . . . ; ZnT � that may assume, that is riðt; fyg; fhg;
fzgÞ. The structural synthesis problem considered in the
present formulation is written as

Minfyg CðfygÞjP F ðfygÞ 6 P accept
F

� �
; fyg 2 Y ; ð1Þ

where Y � Rnd is the set that contains the side constraints
for the design variables, CðfygÞ is an objective function
which is assumed to be an explicit function of the design
variables, P F ðfygÞ is the failure probability, and P accept

F is
the target system reliability. Then, the problem consists
in the determination of a set of design variables that mini-
mizes an objective function for a specified reliability. The
failure probability function P F ðfygÞ accounts for the uncer-
tainties in the system parameters as well as the uncertain-
ties in the excitation. The failure probability is given in
terms of the probability that some stochastic dynamic re-
sponses exceed in magnitude within a specified time inter-
val ½0; T � certain critical threshold levels. That is,
P F ðfygÞ ¼ P ½F �, where the failure event F is characterized
by

F ¼ max
i¼1;...;nr

max
t2½0;T �

jriðt; fyg; fhg; fzgÞj > r�i

� �
; ð2Þ

and where P ½�� is the probability that the expression in
parenthesis is true, riðt; fyg; fhg; fzgÞ, i ¼ 1; . . . ; nr are the
response functions of interest, and r�i ; i ¼ 1; . . . ; nr are the
threshold levels. In terms of the joint probability density
function, the failure probability can be written as a classical
probability integral:

P F ðfygÞ ¼
Z

Xfhg

Z
Xfzg

PF ðfyg; fhg; fzgÞqðfhgÞpðfzgÞ

dðfzgÞdðfhgÞ ð3Þ
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