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Available online 5 September 2016 The radiative transfer equation in plane-parallel semitransparent media with variable refractive index is solved
by the discrete transfer method. The medium refractive index is assumed to be constant in each control volume,
such that the rays travel straight lines in control volumes, and redirect at interfaces. The effects of medium's re-
fractive index on the curvature of solid angles are considered by a new set of weights, which are dependent on
both ray path and medium's refractive index. The results are verified by comparing with a benchmark problem
and the performance of the method is examined by various examples.
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1. Introduction

Radiative transfer in semitransparent media (STM) has many appli-
cations in protecting coating, waveguide materials, optical measure-
ment of flames, glass production and so on. Because of variable
refractive index in STM, the rays propagate on curved lines. Hence, the
analysis of radiative heat transfer in STM is more complex than that in
gaseous media in which the radiative rays travels on straight lines.

In recent years, much attention has been paid to radiative heat trans-
fer in STM. One of the earliest techniques for solving the RTE in STM has
been developed by Siegel and Spuckler [1,2] to model a plane parallel
composite medium, by dividing it into several slabs at uniform refractive
index bounded by diffuse surfaces. Many ray tracing techniques have
been developed to solve the RTE in STM with variable refractive index
[3–13]. The curved ray tracing is very difficult, and hence, the application
of these methods is mainly limited to one-dimensional problems. To
overcome the difficulty due to curved ray tracing, many approaches
have been developed to solve the RTE by other techniques such as dis-
crete ordinate method [14–16], finite volume method [17,18], finite ele-
ment method [19–23], and meshless method [24,25]. One of the key
aspects of thesemethods is to transform the original RTE along the pencil
of rays into appropriate form to involve the spatial derivatives. In addi-
tion, in almost all the above-mentioned methods, the formulations are
not intuitive.

The discrete transfer method (DTM) has been known as a powerful,
straightforward, and intuitive method for solving the RTE in participat-
ing media. The DTM developed by Shah and Lockwood [26], and

improved by many researchers during past decades [27–31]. Recently,
Krishna and Mishra [32] have extended the DTM to solve the RTE in
STM with uniform non-unity and non-uniform linear refractive index
distributions. The most challenging problem for solving the RTE by the
DTM in STM with variable refractive index is to consider the curvature
of solid angles due to the curvature of ray paths. Although they have
considered the curvature of ray paths through the Snell's law of refrac-
tion [33], but they have not proposed an efficient approach to consider
the effect of the curvature on solid angles. Instead, a unified set of con-
stant weights in each direction have been proposed for solving the
RTE in STM,with uniformandvariable refractive index distributions, co-
incide to weights presented in their earlier work on participatingmedia
with unit refractive index [31]. Although this unified set of weightsmay
lead to correct results for slight-sloped linear distribution of refractive
index (as presented in [32]), but the results are more deviated from
exact solution for hard-sloped linear and complex arbitrary profiles.
Therefore, in the present work, a new set of weights is presented to in-
clude the effect of solid angle curvatures on the solution of the RTE. The
RTE in STM is written based on a new quantity, namely the refracted in-
tensity. The results of the presentmethod are compared by a benchmark
problem and its performance is examined by several examples.

2. Formulation

The mathematical formulation of RTE in an absorbing-emitting
STM with variable refractive index, along the pencil of rays is as
follows:

dℑ�

ds
þ κ ℑ� ¼ κ Ib ; 0 ≤ � θ� ≤ π=2 ð1Þ
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Here, ℑ= I/n2 is called the refracted intensity. The superscripts− and
+ denote the irradiation rays received by the bottom and top wall sur-
faces, respectively. Ib=σT4/π is the blackbody intensity, and κ is the ab-
sorption coefficient. The boundary condition for gray-diffuse wall
surfaces is given by

ℑ�
w∓ ¼ εw∓ Ibw∓ þ 1−εw∓ð Þ

π

Z 2π

φ¼0

Z
θ∓
ℑ∓
w∓ cos θ sin θ dθ dφ ð2Þ

where subscript w∓ denotes the value at bottom/top wall surface.
In order to solve the RTE by the DTM, the physical medium between

parallel plates is divided into control volumes. The blackbody intensity
and the radiative properties of the medium are taken as constant in
each control volume. The refracted intensities may show a directional
dependence on polar angle but not on azimuthal angle. Hence, the
hemispheres on both wall surfaces are divided into annulus elements
with equal polar angles, Δθj ,w (see Fig. 1a).

The path of each irradiation raymust be traced back through the do-
main, being attenuated by the medium absorption and augmented by
gas emission. However, for the medium with variable refractive index,
the paths of rays are not straight lines. Hence, the medium refractive
index is assumed to be constant in each control volume, but changes
at its interfaces, in such a way that a ray travels a straight line in each
control volume, and redirects at interface (see Fig. 1b).

The ray fired frombottom/top surface is traced along the control vol-
ume until it hits the interface, where the ray is redirected based on the
Snell's law of refraction [33]

sin θ�j;k ¼ ℜ�
k sin θ j;w� ð3Þ

Here, ℜk
±=(nw±/nk), called the local refractive ratio, shows the cur-

vature of the ray path along the control volume k, with respect to the
path of ray originated from top/bottom wall surface. The ray specularly
reflects at that interface forwhich sinθj ,kN1. The ray tracing is terminat-
ed when the ray hits any boundary surface (Fig. 1b).

Integrating Eq. (1) over the geometric path length along the control
volume k, leads to the following recursive relation:

ℑ�o
j;k ¼ ℑ�i

j;k e
−κkΔs�j;k þ Ibk 1−e−κkΔs�j;k

� �
; j ¼ 1;…; J ; k ¼ 1;…;K ð4Þ

where index j and k runs over irradiation rays and control volumes, re-
spectively. In Eq. (4), superscripts i and o denote the irradiation ray at
the entering to and leaving from the control volume, respectively, and

Δs�j;k ¼ Δyk= cos θ
�
j;k ð5Þ

is the distance traveled by the irradiation ray j through the control
volume k. The refracted intensity emanating along the pencil of ray
may be assumed to be constant in the solid angle. Therefore, the in-
tegral term in Eq. (2) can be replaced by a summation over solid an-
gles as follows

ℑ�
j;w∓ ¼ εw∓ Ibw∓ þ 1−εw∓ð Þ

π

XJ

j¼1

ℑ∓i
j;w∓ ω∓

j;w∓

��� ��� ð6Þ

whereω± is the weight associated with direction j, along the rays re-
ceived by top/bottom surface.

The weights are calculated by integration over the elemental polar
angle as

ω�
j;k ¼

Z 2π

φ¼0

Z
θ�j;k−Δθ�j;k=2ð Þ
θ�j;kþΔθ�j;k=2ð Þ

cos θ j;k sin θ j;k dθ j;k dφ ð7Þ

which resulted as follows

ω�
j;k ¼ 2π sin2 θ�j;k þ Δθ�j;k=2

� �
−sin2 θ�j;k−Δθ�j;k=2

� �h i
ð8Þ

Then, by imposing the Snell's law, Eq. (3), into Eq. (8),

ω�
j;k ¼ 2π ℜ�

k

� �2 sin2 θ j;w� þ Δθ j;w�=2
� �

−sin2 θ j;w�−Δθ j;w�=2
� �j k

ð9Þ

and expanding the terms by trigonometric relations, leads to

ω�
j;k ¼ 2π ℜ�

k

� �2 cos θ j;w� sin θ j;w� sinΔ θ j;w� ð10Þ

Theweights defined by Eq. (10) are not only dependent on polar an-
gles originated from wall surfaces, but also dependent on the medium
refractive index. In fact, the factor (ℜk

±)2 shows the effect of medium's

Fig. 1. (a) The hemisphere of solid angles onwall surfaces, and annular elementwith polar
angle Δθj,w, (b) The schematic of a plane-parallel STM with variable refractive index.

Nomenclature

I radiative intensity, W/m2sr
J number of solid angles
K number of volume elements
n refractive index
Q radiative heat flux, W/m2

R wall refractive ratio
s geometric path length, m
T temperature, K
x,y Cartesian coordinates
Y distance between parallel plates, m

Greek symbols
ε emissivity
Φ non-dimensional emissive power
φ azimuthal angle, rad
k absorption coefficient, m−1

θ polar angle, rad
Θ refracted heat flux, W/m2

σ Stefan-Boltzmann constant, W/m2K4

τ optical depth
ω weight
Ψ non-dimensional heat flux
ℑ refracted intensity, W/m2sr
ℜ local refractive ratio

Subscripts
b blackbody
w wall

Superscripts
+,− into positive and negative direction
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