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a b s t r a c t

The relationship between maximum temperature and heating rate is determined for an internally heated
flat plate, which is cooled on both sides by either forced or natural convection. Convection heat transfer is
calculated using the energy integral boundary layer equations instead of solving governing partial differ-
ential equations numerically. The results are presented in simple analytical correlations.
Solutions to a heated plate were used in the study of a plate fin with a uniform heat flux at the base in

cases of forced and natural convection. New simple analytical equations for the maximum fin tempera-
ture were derived using the result on the heated plate. Solutions to a fin with uniform base heat flux
include also those to a uniform fin base temperature as limiting cases. The validity of the simple new
solutions to an internally heated plate and a fin with a uniform heat flux at the base were verified by com-
paring results to numerically obtained conjugated heat transfer solutions, analytical solutions, and to
some experimental data for a heated plate.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Finned heat sinks are commonly used to enhance heat transfer
in many applications where waste heat is a problem. Heat sinks
must be optimized, for example, to extend the lifetime of elec-
tronic components in conditions where heat flux densities are con-
stantly growing. The miniaturization of devices sets further
requirements for compact and lightweight heat sink design.

In convectively cooled systems, a thermally optimal isothermal
condition can be achieved for heat sources by placing them more
densely at upstream locations [1,2] or by enhancing heat spread,
for example, with a vapor chamber inside a heat sink [3]. However,
when heat sources are flush-mounted, for example, due to space
limitations, those at downstream locations are prone to overheat-
ing. In this case, fin base has uniform heat flux rather than uniform
temperature. The performance and optimum geometry of single
cooling fins are well known for fins attached on an isothermal sur-
face [4–6], but the uniform heat flux condition has not been stud-
ied to an equal extent. Culham et al. [7] present some results for a
plate fin with a uniform base heat flux for natural convection but

comprehensive solutions to both forced and natural convection
do not exist.

The coupling of convection and conduction, which governs fin
performance, has been studied extensively for simple flat plate
geometries [8]. In a classical academic problem studied by Luikov
[9], a flat plate was heated at uniform temperature on one side
while the other side was cooled by forced or natural convection.
This problem was recently solved [10]. Another similar basic prob-
lem is the plate heated with uniform heat generation, which repre-
sents a board with flush-mounted heat sources. The literature
contains various solutions to this problem for forced [11–14] and
natural [15–17] convection cooling, yet most of them are difficult
to apply in applications.

In this paper, we present two apparently separate problems,
which, in fact, are connected. In Section 2, we study the fundamen-
tal problem of an internally heated plate cooled by either forced or
natural convection. Our approach is to calculate numerically the
plate temperatures and give simple correlations for the heat trans-
fer coefficients. In Section 3, we demonstrate how a solution to a
heated plate can be used in a fin model to take into account a uni-
form heat flux boundary condition at the fin base. This is the first
complete treatment of convection cooled plate fins with a uniform
heat flux boundary condition at the base.
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2. Heat transfer from a uniformly heated plate

We begin by studying heat transfer from a uniformly internally
heated thin plate, which is located in a free stream, as in Fig. 1a, or
in a quiescent fluid, as in Fig. 1b. We seek to determine the maxi-
mum plate temperature as a function of heating rate, plate geom-
etry, and type of convection. The maximum temperature, which is
usually subject to constraints in applications, is found at the down-
stream end due to the growth of boundary layers in the flow
direction.

2.1. Governing equations

In a thin plate with high thermal conductivity, temperature
variations across the plate thickness can be ignored, and the plate
temperature is governed by the balance of heat generation, convec-
tion, and one-dimensional conduction along the plate:
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where hðxÞ ¼ TðxÞ � T1 is the temperature excess, /000 the heat gen-
eration, and qðxÞ the convective heat flux. The leading and trailing
edges are assumed to be insulated; this assumption agrees with
experimental data [12].

For forced convection, the surface heat flux qðxÞ in Eq. (2.1) can
be obtained by using the energy integral equation (PrJ1Þ [18]
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which takes into account the variation in surface temperature in
heat transfer. The values of the constants in Eq. (2.2) are given in
Table 1 for laminar and turbulent boundary layers. The surface heat
flux due to natural convection on a vertical plate is coupled also with
the magnitude of the difference in temperature, because tempera-
ture differences drive the flow. The first model to couple surface
temperature variation and convective heat flux was developed by
Raithby and Hollands [19], who used an analogy between natural
convection and condensation. We use a somewhat more accurate
model by Lee and Yovanovich [20]:
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Eq. (2.3) is valid for an isothermal plate with a laminar bound-
ary layer of gas (Pr ¼ 0:7) when Ra ¼ gbThL

3m�2PrK109. In turbu-
lent boundary layers, where RaJ109, variation in surface
temperature affects the heat transfer coefficient very little, and
the equations of the heat transfer coefficients of uniform heat flux
and temperature are similar [18]. In addition, in electrical applica-
tions cooled by natural convection, turbulent boundary layers sel-
dom occur.

2.2. Limits of the heat transfer coefficient

On the surface of a heated plate, the distribution of the heat
transfer coefficient depends on the ratio of the thermal resistance
of conduction along the plate ðL=ktÞ and that of the boundary layer
ð1=LhL;HÞ:

Nomenclature

cp fluid specific heat at constant pressure, J=kg K
g gravitational acceleration, m=s2

h constant heat transfer coefficient, W=m2K
heff effective heat transfer coefficient of heated plate
hL;H local heat transfer of isoflux surface, Eq. (2.5)
hm;T mean heat transfer coefficient of isothermal surface,

Eq. (2.7)
kf fluid thermal conductivity, W=m K
k solid thermal conductivity, W=m K
l fin height, m
L plate or fin length in flow direction, m
Pr Prandtl number, qmcp=kf
qðxÞ local surface heat flux, Eqs. (2.2) and (2.3), W=m2

qb uniform base heat flux, W=m2

qref reference heat flux for natural convection, Eqs. (2.6) and
(3.6), W=m2

qy conduction heat flux in y -direction, W=m2

s Dummy integration variable in Eqs. (2.2) and (2.3), m
t plate or fin thickness, m

T plate or fin temperature, K
T1 ambient temperature, K
U1 ambient flow velocity, m=s
x coordinate in flow direction, m
X� conduction–convection parameter for plate, Eq. (2.4)
X conduction–convection parameter for fin, Eq. (3.11)
y coordinate normal to base, m

Greek symbols
bT fluid thermal expansion coefficient, K�1

h temperature excess, T � T1, K
hmax maximum temperature excess, K
m kinematic viscosity, m2=s
q fluid density, kg=m3

/000 volumetric heat generation rate, W=m3

U total heat transfer rate of fin, qbLt, W

Fig. 1. One half of internally heated thin plates cooled by forced (a) and natural (b)
convection.
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