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a b s t r a c t

This article mainly addresses the influence of carbon nanotubes in the Marangoni convection boundary
layer flow of viscous fluid. Formulation and analysis have been made for both single-wall (SWCNTs)
and multi-wall (MWCNTs) carbon nanotubes. Thermal radiation effect is considered in the energy expres-
sion. Transformation method reduces the partial differential systems into the ordinary differential sys-
tems. Convergent series solutions are established for the resulting differential systems. Velocity and
thermal fields are focused for the outcome of sundry variables through the problems statement.
Nusselt number is also analyzed. It is found that Nusselt number is more effective for larger radiation
and nanoparticle volume fraction parameters.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

In recent years ‘‘new energy resources” is the hot topic of
research amongst the scientists and engineers in order to fulfill
the rapid energy demand in the advanced industrial and techno-
logical processes. Having such industrial demands in mind, the sci-
entists and engineers are interested to develop some new devices
with high rate of cooling or heating that could result in large
amount of energy saving and storage. Further these devices could
more suitable economically and environmentally. Solar energy is
the most free available source of renewable energy in the universe.
For the storage of large amount of solar energy radiation, the scien-
tists designed the solar thermal collectors having conventional flu-
ids as a heat transfer medium. Mostly these fluids have the
property of low thermal conductivity and are inadequate to heat
up more efficiently which badly affect the performance and effi-
ciency of solar collectors. Investigators are thus forced to improve
the thermal properties of these fluids. First step in this direction
was taken by Choi [1] for enhancement of thermal conductivity
and energy storage of the fluids via nanoparticles. Combination

of homogeneously dispersed nanoparticles within the base fluid
is known as nanofluid. Mostly water, ethylene, glycol oil etc. hav-
ing low thermal conductivity are used frequently in various indus-
trial processes. Therefore nano-sized metallic particles (copper,
titanium, iron, gold and their oxides) are homogeneously dispersed
in these base fluids for enhancement of thermal conductivity.
Rashidi et al. [2] investigated entropy generation in the magneto-
hydrodynamic (MHD) flow of nanoliquid by an impermeable rotat-
ing disk. Hayat et al. [3] presented the characteristics of stagnation
point flow of carbon–water nanofluid with homogenous-
heterogeneous reactions and Newtonian heating. Turkyilmazoglu
[4] examined unsteady heat transfer characteristics of nanoliquid
induced by a vertical plate. Battacharyya and Layek [5] discussed
MHD boundary layer flow of nanofluid created by an exponentially
stretching sheet. Sheikholeslami et al. [6] studied heat transfer
characteristics in the flow of nanofluid by a porous wall. Here por-
ous medium is also considered. Sheikholeslami et al. [7] examined
the combined effects of thermophoresis and Brownian motion in
mixed convection flow of nanofluid. Impacts of variable heat flux
and thermal radiation in the flow of nanofluid saturating porous
medium is presented by Zhang et al. [8]. Lin et al. [9] studied
unsteady magnetohydrodynamic pseudo-plastic nanofluid in a
thin film with heat generation. Hayat et al. [10] discussed the melt-
ing heat transfer in boundary layer flow of carbon–water nanofluid
past a variable surface thickness.
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Phenomenon of Marangoni convection has attracted the atten-
tion of researchers and scientists in view of its widespread applica-
tions. Marangoni convection is produced by the variation of
gradients of surface tension having the applications in the fields
of crystal growth and welding, soap film stabilization, drying sili-
con wafers and convection in obligatory. The phenomenon of Mar-
angoni convection is extensively used in the art works like dyeing
on the ground. In such technique the dye or pigment is floated on
the surface of the fundamental medium (i.e., water or any other
viscosity liquid). Further surface is covered by cloth or paper to
take a print. Lin et al. [11] examined the characteristics of magne-
tohydrodynamic Marangoni convection flow of power-law fluid
induced by a power law temperature gradient. Gangadharaiah
[12] examined double diffusive Marangoni convection in super-
posed fluid and porous layers. Ibrahim [13] discussed the phe-
nomenon of radiative Marangoni convection phenomenon in the
flow of viscous fluid over a permeable sheet with Joule heating.
Sreenivasulu et al. [14] analyzed the magnetohydrodynamic ther-
mosolutal Marangoni convection flow of viscous fluid by consider-
ing viscous dissipation and Joule heating. Lin et al. [15] examined
the characteristics of radiative Marangoni convection flow of
pseudo-plastic nanofluid with temperature dependent thermal
conductivity. Hayat et al. [16] explored Marangoni mixed convec-
tive flow of Casson fluid in presence of nonlinear thermal radiation.

Aforementioned literature survey shows that most of the
researchers have investigated the characteristics of Marangoni
convection in flow of viscous non-Newtonian fluids. However such
phenomenon is not investigated in the flow of nanofluid via single
and multi-wall carbon nanotubes. Hence our main objective is to
analyze the behavior of Marangoni convection in the flow of car-
bon–water nanofluid. Thermal radiation is also considered. Con-
vergent series solutions are developed for the governing
equations via homotopy analysis method [17–34]. Influences of
numerous pertinent parameters on the Nusselt number are
discussed.

2. Formulation

Consider the steady flow of carbon–water nanofluid past an
impermeable stretching sheet. Single and multi-wall carbon nan-
otubes are homogeneously distributed in base fluid (water). Fur-
ther thermal equilibrium exists between base fluid and carbon
nanotubes. Characteristics of heat transfer are analyzed with Mar-
angoni convection phenomenon. Nanofluid is confined in semi-
infinite domain. Temperature at the surface of plate is assumed
variable. Under the consideration of such analysis the conservation
laws are presented as follows:
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The subjected boundary conditions are [22]
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In above equations r⁄ indicate the Stefan–Boltzman constant, K⁄

the mean absorption coefficient, u and v the components of hori-
zontal and vertical velocity corresponds in x- and y- directions

respectively, Vw < 0 the suction velocity and Vw > 0 corresponds
to the injection velocity, mnf the kinematic viscosity of nanofluid,
qnf the density of nanofluid, ðcpÞnf the specific heat, anf shows the
thermal diffusivity of the nanofluid, T and T0 the fluid temperature
and external flow temperature respectively, lnf the dynamic vis-

cosity of nanofluid, r the surface tension and r ¼ r0 þ cT
2 ðT � T1Þ

where cT ¼ ð� @r
@TÞT¼T1

, Here n is an exponent constant and A the

positive dimensional constant.
Xue [23] analyzed that previous proposed nanofluid models are

valid only for spherical shape or elliptical rotational shape particles
with small axial ratio. Such models do not describe space distribu-
tion properties of thermal conductivity of the CNTs. To overcome
this difficulty, Xue [23] existing theoretical model is based on Max-
well theory considering rotational elliptical nanotubes with very
large axial ratio and compensating the effects of space distribution
on CNTs. Here
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where / is the nanoparticle volume fraction, qf and qs the density of
fluid and solid particles respectively and knf and kf the thermal con-
ductivities of nanomaterial and base fluid respectively.

Transformations are considered as follows:

g ¼ C2xðn�1Þ=3y;w ¼ C1xð2þnÞ=3f ðgÞ; hðgÞ ¼ T�T1
Axnþ1 ;

A ¼ DT
Lnþ1 ;C1 ¼

ffiffiffiffiffiffiffiffiffiffi
rT Alf

q2
f

3

r
;C2 ¼

ffiffiffiffiffiffiffiffiffiffi
rTAqf

l2
f

3

r
:

ð7Þ

Here rT denotes the rate of change of surface tension with tem-
perature, DT is constant characteristic temperature and C1 and C2
represents the constant quantities.

Incompressibility condition is satisfied automatically and Eqs.
(2)–(5) are reduced to
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The boundary conditions take the form
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where a is the suction (a > 0) /injection (a < 0) parameter, Pr the
Prandtl number and R the thermal radiation parameter. These are
given as follows:
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Local Nusselt number is
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Dimensionless local Nusselt number is expressed as follows:
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