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a b s t r a c t

In this paper, we propose a novel distributed formation control strategy, which is based on the
measurements of relative position of neighbors, with global orientation estimation. Since agents do not
share a common reference frame, orientations of the local reference frames are not aligned with each
other. The proposed strategy includes a combination of global orientation estimation and formation
control law. Under the proposed strategy, the orientation of each agent is estimated in the global sense, if
interaction graph has a spanning tree. With the estimated orientations of local frames, formation control
strategy ensures that the formation globally exponentially converges to the desired formation.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Depending on the sensing capability and controlled variables,
various problems for the formation control have been studied in
the literature (Oh, Park, & Ahn, 2015). In consensus-based control
law, known as the displacement-based approaches, agents mea-
sure the relative positions of their neighborswith respect to a com-
mon reference frame. Then, agents control the relative position for
the desired formation (Dimarogonas & Kyriakopoulos, 2008; Lin,
Francis, & Maggiore, 2005; Oh & Ahn, 2014; Ren & Atkins, 2007).
Fundamental requirement for the displacement-based approach is
that all agents share a common sense of orientation. Therefore, lo-
cal reference frames are necessarily aligned with each other. Sun
and Anderson (2015) combined the ideas of displacement-based
approach and distance-based approach. The objective of this ap-
proach is to control the formation to be of both desired direc-
tion and desired shape. Zelazo, Franchi, Bülthoff, and Giordano
(2015) proposed the decentralized estimation of position in the
absence of common reference frame. Oh and Ahn (2014) found
the displacement-style formation control strategies based on ori-
entation alignment, under distance-based setup. In this approach,
agents are allowed to align the orientation of their local coordinate
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systems by exchanging relative bearingmeasurements. By control-
ling orientations to be aligned, the proposed formation control law
allows agents to control relative positions simultaneously. The pro-
posed strategy ensures asymptotic convergence of the agents to
the desired formation under the assumption that interaction graph
is uniformly connected and initial orientations belong to an inter-
val with range less than π (Oh & Ahn, 2014). In this paper, local
reference frame is estimated by using auxiliary variables, instead
of controlling orientation to be aligned. We show that estimation
of orientation is sufficient for controlling formation to be of the de-
sired shape. Contribution of this paper can be summarized as fol-
lows. We propose a novel formation control strategy via the global
orientation estimation. The orientation of each agent is estimated
with complex Laplacian matrix based on the relative angle mea-
surement and auxiliary variable assigned in the complex plane.
Note that complex Laplacian matrix in formation control problem
has been discussed in the literatures (see e.g. Lin, Wang, Han, &
Fu, 2014 and Lou & Hong, 2015). While most of literatures focused
on designing controller using complex Laplacian for the formation
control problem, we, in this paper, apply the complex Laplacian to
estimate misaligned orientations of agents for the global conver-
gence of formation to the desired one under distance-based setup,
which has not been solved in existing works, including (Oh & Ahn,
2014).

2. Preliminaries and problem statement

In this paper, we use the following notation. Given N column
vectors x1, x2 . . . xN ∈ Cn, x denotes the stacking of the vectors,
i.e. x = [xĎ1, x

Ď
2, . . . , x

Ď
N ]

Ď, where Ď denotes the conjugate transpose.
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The matrix In denotes the n-dimensional identity matrix. Given
two matrices A and B, A ⊗ B denotes the Kronecker product of the
matrices. We have i =

√
−1.

2.1. Consensus property

Given a set of interconnected systems, the interaction topology
can be modeled by a directed weighted graph G = (V, E, A),
where V and E denote the set of vertices and edges, respectively,
and A is a weighted adjacency matrix with nonnegative elements
denoted by akl which is assigned to the pair (k, l) ∈ E . Let Ni
denote neighbors of i. The Laplacian matrix L = [lij] associated to
G = (V, E, A) is defined as lij =


k∈Ni

aik if i = j and lij = −aij
otherwise. If there is at least one node having directed paths to any
other nodes,G is said to have a rooted-out branch. In the following,
we only consider the graph G with a spanning tree. The following
result is borrowed from Moreau (2004).

Theorem 1. Every eigenvalue of L has strictly positive real part
except for a simple zero eigenvaluewith the corresponding eigenvector
[1, 1, . . . , 1]T , if and only if the associated digraph has a rooted-out
branch.

Let us consider N-agents whose interaction graph is given by
G = (V, E, A). A classical consensus protocol in continuous-time
is as follows (Scardovi & Sepulchre, 2009):

ẋi(t) =


j∈Ni

aij(xj(t) − xi(t)), ∀i ∈ V (1)

where xi ∈ Rn. Using the Laplacian matrix, (1) can be equivalently
expressed as

ẋ(t) = −(L ⊗ In)x(t). (2)

The following result is a typical one.

Theorem 2. The equilibrium set Ex = {x ∈ RnN
: xi = xj∀i, j ∈ V}

of (2) is exponentially stable if and only if G has a spanning tree.
Moreover, the state x(t) converges to a finite point in Ex.

2.2. Problem statement

Consider N single-integrator modeled mobile agents in the
plane:

ṗk = uk, k = 1, . . . ,N (3)

where pk ∈ R2 and uk ∈ R2 denote the position and control input,
respectively, of agent kwith respect to the global reference frame,
which is denoted by g 

. Following the notions of Oh and Ahn
(2013), we assume that agent k maintains its own local reference
frame (k


) with the origin at pk. The orientation angle of kth

local reference frame with respect to the global reference frame
is denoted by θk as illustrated in Fig. 1. By adopting a notation in
which superscripts are used to denote reference frames, the agents
are described as ṗk

k = uk
k, k = 1, . . . ,N , where pk

k ∈ R2 and uk
k ∈

R2 denote the position and control input, respectively, of agent k
with respect to k 

. For a weighted directed graph G = (V, E, A),
agent k measures the relative positions of its neighboring agents
with respect to k 

as:

pk
jk := pk

j − pk
k, j ∈ Nk, k ∈ V. (4)

We note that pj − pk ≠ pk
j − pk

k, because local reference frames
are not aligned to the global reference frame. Relative orientation
angle is defined as

θjk := PV(θj − θk), j ∈ Nk, (5)

Fig. 1. The kth agent obtains a measurement of relative orientation angle from
its neighboring agent. Sensing graph is bidirectional and communication graph is
directional.

where PV(θj − θk) := [(θj − θk + π) mod 2π ] − π . We assume
that θjk is only available to k.2

In this paper, we attempt to estimate θk by using the relative
angle measurement (5). Let p∗

= (p∗

1, . . . , p
∗

N) ∈ R2N be given.
The formation problem is then stated as follows:

Problem 1. Consider N-agents modeled by (3). Suppose G =

(V, E, A) is the interaction graph of the agents. For a common
reference frame a 

, design a control law such that pa
j − pa

k →

p∗

j − p∗

k as t → ∞ for all k, j ∈ V based on the measurements (4)
and (5).3

3. Orientation estimation

Consider N agents whose interaction graph is G which has a
spanning tree. Since each agent does not share a common reference
frame, kth local reference frame has an orientation angle θk with
respect to the global reference frame. Let us consider θk as a
complex number which can be expressed in the polar coordinate.
The complex number with the unit radius is represented as z∗

k :=

eiθk for all k ∈ V which is illustrated in Fig. 2. Let z∗ be a
stacked column vector defined as z∗

= (z∗

1 , z
∗

2 , . . . , z
∗

N). If we can
estimate z∗

k instead of θk by using local interaction based on the
measurement (5), θk is naturally determined. Let ẑk ∈ C, ∀k ∈ V
be an auxiliary variable defined on complex plane. Orientation
estimation problem can be stated as follows:

Problem 2. Consider N-agents modeled by (3). Suppose G =

(V, E, A) is the interaction graph of the agents. For a common
complex value α ∈ C, design an estimation law such that ̸ ẑk →
̸ z∗

k + ̸ α as t → ∞ for all k ∈ V based on the measurements (5).

Under the assumptions of Problem 2, we propose the following
estimation law:

˙̂zk(t) =


j∈Nk

(e−iθjk ẑj(t) − ẑk(t)), ∀k ∈ V. (6)

Here, (6) can be written in the vector form as follows:

˙̂z(t) = H ẑ(t) (7)

2 The value of θjk is obtained as follows: Agent j senses the angle δjk with respect
to j  and transmits the sensed value to agent k by communication. Then agent k
senses the angle δkj and calculates the relative orientation angle of its neighbors by
using PV(θj − θk) = PV(δjk − δkj + π). This is also depicted in Fig. 1.
3 In terms of sensing variables, design of a formation control using the

measurements (4) and (5) is called distance-based setup; see Oh et al. (2015).
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