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Abstract

A micromorphic continuum formulation is presented in the context of both, the spatial- and the material-motion problem. For both
approaches the kinematics as well as the balance relations together with the various representations of the occurring stress fields are
derived. The relations between the spatial-motion problem and the material-motion problem quantities are examined in detail. Upon
a hyperelastic constitutive assumption a finite-element approximation is derived and the material-force method, which is especially suited
for defect-mechanics problems, is successfully applied to the present micromorphic continuum theory.
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1. Introduction

The micromorphic continuum theory is used to describe
materials which possess a significant microstructure and
therefore exhibit scale-dependent behaviour. These micro-
structures are viewed as so-called microcontinua, which
are assumed to be attached to each physical point and
may experience both stretch and rotation deformations
which are affine throughout the microcontinuum, neverthe-
less kinematically independent from the deformation on
the macroscale.

The micromorphic continuum as a microcontinuum the-
ory has first been introduced by Eringen [6,7] and is part of
the group of so-called generalised continua for which the
couple-stress theory of the brothers Cosserat and Cosserat
[2] laid the foundation in the early 20th century. For
related early developments the reader is referred to
[31,32,22,13], just to mention a few. The so-called micropo-
lar and microstretch continua may be considered as special
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cases of the micromorphic theory, since here specific con-
straints apply on the deformation of the microcontinuum.
For instance in the case of the micropolar continuum, the
microcontinuum may only experience rotation, see the con-
tributions of [26,29,4] as well as those from the group of
Tsakmakis (e.g., [9,3]), just to mention a few. A compre-
hensive overview on microcontinuum theories can be found
in the contemporary monograph of Eringen [8]. Not only
the different microcontinuum theories are congeneric, addi-
tionally, close relations between the latter and other non-
local theories exist. Particularly the micromorphic and
the second-order gradient theory can be transferred into
each other by limit considerations, as has recently been
shown by Kirchner and Steinmann [11]. This close relation
allows to transfer the constitutive and finite-element for-
mulations that were originally developed for micromorphic
continua, to second-order gradient theories. As examples
for such formulations of the gradient elasticity serve for
instance the following contributions: Shu et al. [25] and
Amanatidou and Aravas [1] for small deformations, as well
as, extended to large deformations, Shu and Barlow [24]
and — in the context of a homogenisation procedure [14—
16].
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Generally the deformation of continuum bodies can be
described in two manners: One perspective is the so-called
deformational mechanics and the other is the concept of
configurational mechanics. Within deformational mechan-
ics — or rather the spatial-motion problem — the spatial-
motion of a physical point with particular material position
is observed with the change of time — “quo vadis?”’. This
description is characterised on the one hand by a paramet-
risation of the occurring quantities by the material position
and on the other hand by the fact that these quantities
belong to the spatial manifold (or are two-point tensors
mapping towards the spatial manifold). Opposed to that,
in the configurational-mechanics perspective, which we
refer to as the material-motion problem, the spatial place-
ment is fixed while the material origin of physical points
passing by is the unknown quantity of observation — “unde
venis?”’. The material-motion problem is formulated in
material quantities (or two-point quantities mapping to
the material manifold) which are parameterised by the spa-
tial position.

In the spatial-motion problem we deal with the intui-
tively-known and widely-used spatial forces, which are
defined as being energetically conjugate to variations in
the spatial placement of physical points at fixed material
position. Contrary to that, the perspective of the mate-
rial-motion problem yields the so-called material forces.
These are energetically conjugate to variations in the
material position of a particular physical point. They
are characterised in the literature to act as driving forces
for the propagation of defects such as cracks and voids.
Thus the material forces can for instance serve as criteria
for crack propagation. For references on the concept of
deformational vs. configurational mechanics in general
and the material force method in particular, see for
instance the contributions of Maugin and coworkers
[5,19,20,23,21], Gurtin [10] or the group of Steinmann
[27,28,30,17,18] as well as the references cite therein. It
suggests itself to apply this dual perspective and within
this context especially the material force method to the
micromorphic continuum. From this, besides a deeper
understanding of the theory, we strive for the predictive
character of the material forces for fracture-mechanics
considerations within the micromorphic continuum. Due
to the relations shown in Kirchner and Steinmann [11],
the full configurational-mechanics perspective on the sec-
ond-order gradient theory given by [12], is especially help-
ful to establish the analogous perspective on the present
micromorphic continuum.

Consequently, in this contribution a micromorphic con-
tinuum formulation is presented from the dual perspectives
of both deformational and configurational mechanics. The
kinematics is presented for finite deformations including
the macro and the microcontributions. A restriction to iso-
tropic hyperelasticity ensures the existence of a potential
energy. For conservative static problems Dirichlet’s princi-
ple results in the Euler-Lagrange equations, i.e., the bal-
ance of momentum in its strong form. Thus upon the

definition of proper micromorphic kinematics, a variation
of the potential energy renders the weak form of the bal-
ance of momentum together with Neumann boundary con-
ditions, while the variations of primary kinematic variables
have to satisfy the homogeneous Dirichlet boundary condi-
tions. Based on the material-motion description, the mate-
rial force method is applied, which, due to the existence of
the microscale, bears the micromorphic material forces as
well as additional higher-order quantities.

The article is structured as follows. In Section 2 the
micromorphic continuum is introduced and its description
is derived from a complete configurational-mechanics per-
spective. In Section 3 we establish a straightforward consti-
tutive formulation which enables us to perform a finite-
element approximation for the micromorphic continuum
as presented in Section 4. Numerical examples incorporat-
ing parametric studies and the evaluation of the occurring
material force quantities are computed in Section 5. The
contribution closes with a short summary and a brief out-
look on further research on the field.

2. The micromorphic continuum

As indicated before, the micromorphic continuum is
described as a macrocontinuum of which each physical
point is endowed with a microstructure referred to as the
microcontinuum. These microcontinua may experience
arbitrary deformations consisting of both stretch and rota-
tion which are required to be affine, nevertheless kinemat-
ically independent from the macrocontinuum. A point £
on the macroscale is described by the placement vectors
X in the material configuration %, and x in the spatial con-
figuration %,. On the microscale, a point 2 of the micro-
continuum is denoted with the microplacement vectors X
in the material configuration %, and ¥ in the spatial config-
uration %,, respectively.

Since a material point is equipped with a microstructure
that is kinematically independent, additional balance equa-
tions besides the ordinary balance of momentum have to be
considered for the micromorphic theory. These may be
obtained by an energy consideration, which is here derived
from Dirichlet’s principle. Here the set of state variables is
given by & = {@, F}, wherein the first argument describes
the macrostructural kinematics while the second character-
ises the deformation of the microcontinuum. A constitutive
functional is to be found, which in the most general hyper-
elastic case incorporates the following dependencies:
€ = (g((p7 VX(p, F, VXF; X)

First, the spatial-motion problem is presented in Section
2.1, before the material-motion problem described in Sec-
tion 2.2. Both approaches are compared in Section 2.3.
The following derivations of the spatial-motion problem
follow the line of the finite-deformation part of Kirchner
and Steinmann [11], while for the material-motion prob-
lem, parallels to the material settings of the second-order
gradient theory as presented by Kirchner and Steinmann
[12] can be recognised.
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