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Abstract: This paper analyzes an integral line-of-sight guidance law applied to an underac-
tuated underwater vehicle. The vehicle is rigorously modeled in 5 degrees of freedom using
physical principles, and it is taken into account that the vehicle is not necessarily neutrally
buoyant. The closed-loop dynamics of the cross-track error are analyzed using nonlinear cascaded
systems theory, and are shown to achieve uniform semiglobal exponential stability. Hence, the
integral line-of-sight guidance law compensates for the lack of neutral buoyancy, and it is no
longer necessary to assume that the vehicle is perfectly ballasted. The exponential convergence
properties of the guidance law are demonstrated in simulations of an autonomous underwater
vehicle.
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1. INTRODUCTION

Guidance laws for underactuated marine vehicles makes it
possible for vehicles equipped with fixed stern propellers
and steering rudders to achieve control goals such as
path following, tracking and maneuvering, described in
Encarnação and Pascoal (2001), Breivik and Fossen (2009)
and Fossen (2011). Precise path following is of particular
importance in operations such as inspection of submarine
pipelines, seabed mapping, and environmental monitoring.

The line-of-sight (LOS) path following principle, used
in Healey and Lienard (1993), Pettersen and Lefeber
(2001), Fossen et al. (2003), Breivik and Fossen (2004)
and Fredriksen and Pettersen (2006), aims the vessel to-
wards a point ahead on the path. Pettersen and Lefeber
(2001) proved uniform global asymptotic and uniform local
exponential stability (UGAS and ULES, or κ-exponential
stability as defined in Sørdalen and Egeland (1995)) of
the LOS guidance law in connection with a 3 degrees of
freedom (3-DOF) vehicle model. A more complete vehicle
model was included in Børhaug and Pettersen (2005) and
Fredriksen and Pettersen (2006), while Fossen and Pet-
tersen (2014) proved that the LOS guidance law achieves
uniform semiglobal exponential stability (USGES), which
gives stronger convergence and robustness properties.

� This work was partly supported by the Research Council of
Norway through the Centres of Excellence funding scheme, project
no. 223254 - NTNU AMOS

Integral action was added to the LOS guidance law in
Børhaug et al. (2008) to compensate for environmental
kinematic disturbances such as ocean currents. The result-
ing integral line-of-sight (ILOS) guidance law for 3-DOF
vehicles was proved to be globally κ-exponentially stable
in Caharija et al. (2012a) and Caharija et al. (2014), and
USGES and UGAS in Wiig et al. (2015).

ILOS guidance was applied to underwater vehicles mod-
eled in 5-DOF in Caharija et al. (2012b) and Caharija
et al. (2016), which added an ILOS guidance law in the
vertical plane. The system was again shown to achieve κ-
exponential stability.

All of the above mentioned works assume that the vehicle
is neutrally buoyant, which requires perfect ballasting. In
practice this can be difficult to achieve since water density
changes with salinity, temperature and depth. This paper
investigates the effect of positive or negative buoyancy
on an underactuated underwater vehicle controlled by
an ILOS guidance law. The 5-DOF kinematic and dy-
namic model used in Caharija et al. (2012b) and Caharija
et al. (2016), which includes kinematic disturbances from
constant and irrotational ocean currents, is extended to
include effects caused by the lack of neutral buoyancy.
The main contribution of the paper is to use the results
of Fossen and Pettersen (2014) and Wiig et al. (2015) to
prove that the closed-loop cross track error dynamics are
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UGAS and USGES, even when the vehicle is not neutrally
buoyant.

This paper is organized as follows: Section 2 gives a
description of the vehicle model in 5-DOF, and states the
control objective. Section 3 describes the ILOS guidance
law and the surge, pitch and yaw controllers that are
analyzed in this paper. The stability of the closed-loop
system is analyzed in Section 4. Simulations demonstrating
exponential stability are shown in Section 5, and some
concluding remarks are given in Section 6.

2. SYSTEM DESCRIPTION

2.1 Basic assumptions

The following basic assumptions are used in the modeling
and analysis of the system:

Assumption 1. The body-fixed coordinate frame b is lo-
cated at a point (xg, 0, 0) from the vehicle’s center of
gravity (CG), along the center line of the vessel.

Assumption 2. The vehicle is passively stable in roll, and
roll motion can hence be neglected.

Assumption 3. The difference between vehicle weight W
and buoyancy B, defined as WE = W − B, is assumed
known and constant. Furthermore, CG and the center of
buoyancy (CB) are located on the same vertical axis in b.

Remark 1. This is a relaxation of the neutral buoyancy
assumption in previous works, such as Caharija et al.
(2016).

Assumption 4. The vehicle is symmetric in the x−z plane
and has a large length to width ratio.

Assumption 5. The surge mode is decoupled from the
other degrees of freedom, and only couplings in sway-yaw
and heave-pitch are considered.

Assumption 6. The damping is considered linear.

Remark 2. The passive nature of nonlinear damping forces
should enhance the directional stability of the vehicle, as
noted in Caharija et al. (2016).

Assumption 7. The ocean current vvvc � [Vx, Vy, Vz]
T in the

inertial frame i is assumed to be constant, irrotational and
bounded. Hence, there exists a constant Vmax ≥ 0 such

that Vmax ≥
√
V 2
x + V 2

y + V 2
z .

2.2 System Model

The vehicle is modeled in 5-DOF with ηηη � [x, y, z, θ, ψ]T

containing position and orientation in the inertial frame
i. The velocity of the vessel in the body-fixed coordinate
frame b is represented by ννν � [u, v, w, q, r]T , where u is
surge speed, v is sway speed, w is heave speed, q is pitch
rate and r is yaw rate.

The current velocity in the body frame b is νννc =
RRRT (θ, ψ)vvvc = [uc, vc, wc]

T , where RRR(θ, ψ) is the rotation
matrix from b to i given in (3). From Assumption 7 it
follows that v̇vvc = 000 and ν̇ννc = [rvc − qwc,−ruc, quc]

T .

The vessel model is represented using velocities relative
to the ocean current, as described in Fossen (2011). The

body-fixed relative velocity is given by νννr � ννν − νννc =

[ur, vr, wr, q, r]
T , where ur, vr and wr are relative surge,

sway and heave speed. The 5-DOF model of the vehicle is

η̇ηη = JJJ(ηηη)νννr + νννc, (1a)

MMMν̇ννr +CCC(νννr)νννr +DDDνννr + ggg(ηηη) = BBBfff, (1b)

where MMM = MMMT > 0 is the mass and inertia matrix
including hydrodynamic added mass, the matrix CCC con-
tains Coriolis and centripetal terms, and DDD(νννr) is the
hydrodynamic damping matrix. The matrix BBB ∈ R5×3 is
the actuator configuration matrix, while fff � [Tu, Tq, Tr]

T

is the control input vector with surge thrust Tu, pitch
rudder angle Tq and yaw rudder angle Tr. The term JJJ(ηηη)
is the velocity transformation matrix

JJJ(ηηη) �

[
RRR(θ, ψ) 0

0 TTT (θ)

]
, (2)

where TTT (θ) � diag(1, 1/ cos(θ)), |θ| �= π
2 .

Following Assumption 3, the gravity restoration vector
ggg(ηηη) � [WE sin(θ), 0,−WE cos(θ), (BGzW+WEzb) sin(θ),
0]T , where BGz is the vertical distance between CG and
CB and zb is the z-coordinate of the center of buoyancy
in the body frame. Compared to the gravity restoration
vector used in Caharija et al. (2016), the vector ggg(ηηη)
includes additional forces in surge and heave resulting from
WE , as well as an addition to the moment in pitch.

The matrix CCC is obtained from MMM as described in Fossen
(2011), while the other system matrices can be expressed
as:

RRR �

[
cψcθ −sψ cψsθ
sψcθ cψ sψsθ
−sθ 0 cθ

]
,DDDl �




d11 0 0 0 0
0 d22 0 0 d25
0 0 d33 d34 0
0 0 d43 d44 0
0 d25 0 0 d55


 ,

MMM �




m11 0 0 0 0
0 m22 0 0 m25

0 0 m33 m34 0
0 0 m43 m44 0
0 m25 0 0 m55


 ,BBB �




b11 0 0
0 0 b23
0 b32 0
0 b42 0
0 0 b53


 .

(3)

The terms s· � sin(·) and c· � cos(·) are used for brevity.

The structure of the system matrices is justified by As-
sumptions 2 - 6. The point xg from Assumption 1 is
chosen to lie on the pivot point of the ship, which gives
MMM−1BfBfBf = [τu, 0, 0, τq, τr]

T , where τu is the control force
in surge, and τq and τr is the control moment in pitch and
yaw.

2.3 System Model in Component Form

The 5-DOF model in (1) can be represented in component
form:

ẋ = urcψcθ − vrsψ + wrcψsθ + Vx, (4a)

ẏ = ursψcθ + vrcψ + wrsψsθ + Vy, (4b)

ż = −ursθ + wrcθ + Vz, (4c)

θ̇ = q, (4d)

ψ̇ = r/cθ, (4e)

u̇r = Fur
(θ, vr, wr, r, q)−

d11
m11

ur + τu, (4f)

v̇r = Xvr (ur)r + Yvr (ur)vr, (4g)
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