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Abstract: This paper studies a kind of linear-quadratic leader-follower stochastic differential
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maximum principle and stochastic filtering, the feedback Stackelberg equilibrium is derived.

© 2016, IFAC (International Federation of Automatic Control) Hosting by Elsevier Ltd. All rights reserved.

Keywords: leader-follower stochastic differential game; linear-quadratic control; asymmetric
information; filtering; feedback Stackelberg equilibrium.

1. INTRODUCTION

We consider a finite time duration 7" > 0. Let (Q, F,P)
be a complete probabiliftl space, on which a standard
Brownian motion {W;, W;}o<i<r with value in R? is
defined. Let {F; }o<i<7 be the natural filtration generated

by (W, W), Fr = F and G; C F;.

Let the state ™" € R satisfy the linear stochastic
differential equation (SDE)

dI?’w = [A.T?’w + Blut —+ ngt] dt

+ Cx"dWy + éx?’wdwt, (1)
zg" = zo.

Here v is the follower’s control, w is the leader’s control,
and both of them take values in R; A, By, Bs,C and C
are constants. In the first step of our game problem, for
any chosen w, the follower chooses an F;-adapted, square-
integrable control ©* to minimize his cost functional

Lor (1w
Jl(u,w) :§E|:/ (Q1|$t’ |2 + N1|ut|2)dt
0

(2)
+ G1|$;’w|2] .

In the second step, knowing that the follower would take

*

u*, the leader wishes to choose a G;-adapted, square-
integrable control w* to minimize
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1 T u™,w
To(u*, w) :51@[/0 (Qal™ ™2 + Nofw, |?)dt 5

+ Gz\m”f’w\z]’

where Q1,Q2,G1,G2 > 0, N1, Ny # 0 are constants. We
refer to the above problem as a linear-quadratic (LQ)
leader-follower stochastic differential game with asym-
metric information. If there exists a control process pair
(u*, w*), we refer to it as a Stackelberg equilibrium.

This paper is a counterpart of Shi, Wang and Xiong (2016),
where another kind of LQ leader-follower differential game
with asymmetric information is studied. The difference of
the model in this paper lies in that the leader’s informa-
tion is a sub-o-algebra of the follower’s. This can been
explained from many practical backgrounds. For exam-
ple, in the newsvendors problem in the market for some
product, the detailer plays a role of the follower and the
manufacturer plays a role of the leader. The detailer faces
many users and consumers, and then his information may
be more than the manufacturer’s since he could keep some
information in the market as secrets which are not known
by the manufacturer. This motivates us to study the game
problem in this paper. Other applications of our game
model can be seen in principal-agent problems (Cvitanié
and Zhang (2013)) and stochastic Stackelberg differential
games (Bagchi and Basar (1981); Yong (2002); @Qksendal
et al. (2013); Bensoussan et al. (2015)).

The rest of this paper is organized as follows. In Section
2, we present the main result. The game problem consists
of an LQ optimal control problem of SDE with complete
information for the follower, and an LQ optimal control
problem of forward-backward stochastic differential equa-
tion (FBSDE) with partial information for the leader. The
feedback Stackelberg equilibrium is characterized in terms
of the forward-backward stochastic differential filtering e-
quation and a system of Riccati equations. Finally, Section
3 gives concluding remarks.
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2. MAIN RESULT

In this section, we will use the following two subsections
to deal with the follower’s and the leader’s problem,
respectively.

2.1 The Follower’s Problem

Define the follower’s Hamiltonian function as
H, (t, T,u,w,q,k, k) = q(Az + Biu + Baw)
1 ~~ 1 4
- §Q1x2 + kCx + kCx — 5N1u2. )

For any given w, by the LQ stochastic control theory (see
Yong and Zhou (1999) or Tang (2003)), there exists an
Fi-adapted optimal control u*, satisfying

0= Niu; — Bigt, (5)
where (g, k, E) € RxR xR satisfies the backward stochastic
differential equation (BSDE)

—dq, =(Agq + Cky + Chy — Qi ™) dt
— ke dW; — ked W, (6)

u*w

qr = — Gle ’

which is F;-adapted. Here 2% - denotes the optimal state
of the follower.

Noting the terminal condition of (6) and the appearance
of w, we let

Y — o, t€]0,T]. (7)
Here P, is a deterministic and differentiable function with

value in R; (g, 3,7) is an R3-valued, F-adapted process,
which satisfies the BSDE

{ —dpy = aydt — BdW; — v, dWy, (8)
YT = 0.

In the above, € R is an F;-adapted process to be

determined later.

-
qs = —Pxy -

Now, applying It6’s formula to (7), we arrive at
dg; = (— Pt ™" — APz " — By P}
— ByPyw; + ag)dt — (CPal ™" + 8)dW;  (9)
_ (5Ptxg*’w + %)d'MZ.
Comparing (9) with (6), we have

ke = —CPua} " — B, (10)
ey = —CPz¥ " — ,, (11)
and ) )
oy = (Pt—i-QAPt-’-Ql)LC? ’w+Bl.Pt’Uftk (12)
+ BQPt’LUt + A(pt — th — ékt,
respectively. By (5) and (7), we get
uf = —N{ By (Pl ™ + ¢y). (13)
Substituting (13) into (12), we can obtain that if
P+ (2A+C*+C*)P, = BIN;'P} + Q1 =0, (14)
Pr =Gy
admits a unique differentiable solution P;, then
oy = (A= BiN; 'P)gy — CBy — Cye — PiBow;.  (15)

By virtue of the standard Riccati equation theory, (14)
admits a unique solution P, > 0. See, e.g., Yong and Zhou

(1999) or Tang (2003) for more details about the existence
and uniqueness of the solution to Riccati equations.

By (15), the BSDE (8) takes the form
—dp; =[(A— BINT'P) gy + CBy + Oy
+ P Bowy|dt — BrdW; — Y dWr,
pr = 0.

(16)

We summarize the above in the following theorem.

Theorem 2.1 Let P, satisfy (14). For chosen w of the
leader, u* given by (13) is the feedback optimal control for

the follower’s problem, where (J:“*’w, ©, B,7) is the unique
Fi-adapted solution to

daet" = [(A - BINTIR) " — BINT Yy,
+ Bywy|dt + Ca " dW, + Ca} " dW,,
—dpy = [(A - BIN{ ‘P, + CB + Cy
+ By Pawy|dt — BrdWy — 1 d W,

u*w

T =x9, o7 =0.
(17)

2.2 The Leader’s Problem

Knowing that the follower will take u* by (13), the state
equation of the leader writes an FBSDE

dzy = [(A— BiN;'P)z}Y — BNy "¢y
+ Byw,dt + CadW; + Ca dW,
—dg, = [(A— BiNy 'P)py + CBi + Cy
+ By Pywy]dt — BrdW; — v, dW,

w o__ _
Ty = To, <)OT_Ov

(18)

.
where we let % = z% "%,

The leader would like to choose a G;-adapted optimal
control w* to minimize his cost functional

1 T
Tow) = 3B[ [ (@ala? + Nl

+ Galal?

(19)

Different from the follower’s problem, the leader faces a
stochastic optimal control problem of FBSDE with partial
information. See, e.g., Huang, Wang and Xiong (2009); Ok-
sendal and Sulem (2009); Xiao and Wang (2011) for more
details about this topic. See also Tang (1998); Wang, Wu
and Xiong (2013, 2015) for late developments on optimal
control of stochastic systems with noisy observations.

We define the leader’s Hamiltonian function as
Hg(t,x“’,w, §07Ba77 Y, =, gvp)
=y[(A— BIN;'P)z" — BIN{ "¢ + Byu|
+p[(A— BINT'P)g + CB + Cy + By Pw)]

~ 1
+ 202" +zCz" + §(Q2|x“’|2 + No|wl|?).

(20)

According to the maximum principle introduced in Xiao
and Wang (2011), there exists a Gi-adapted optimal con-
trol w* satisfying

0 = Now; + BaPE[p:|G:] + BaE[y:|Gel, (21)
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