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Abstract: For systems with a great design flexibility regarding the choice of inputs, by
designing the actuators themselves, finding a good set of inputs or a good actuator layout,
is not trivial. In this contribution, a measure for the correlation and redundancy of inputs to
the system based on an Gramian-like output controllability matrix is presented. The input space
is orthogonalized with respect to this measure. The main purpose of this input measure is to
design new actuators for the system. It can also be used to identify redundant inputs that can
be removed. The presented method yields sets of appropriate actuators for the system that give
good controllability of the outputs. The method can be applied to large scale linear systems
that result from the investigation of FE-models. In this scope, it yields for example the layout
of optimal force inputs.
The validity of the approach is demonstrated by an illustrative example.

1. INTRODUCTION

While most methods in automatic control focus on the
design of good feedback laws that control and stabilize
dynamical systems, relatively little attention has been
drawn to the systematic design of actuators that can be
used to efficiently control a system. Also, it may be up
to the control engineer to place the available actuators
appropriately (Brown et al. (1999)).
The optimal actuator design problem is highly linked
to the actuator-placement problem because the quality
criteria for a good set of actuators and a good actuator
layout are very similar. The actuator placement problem
and the dual sensor placement problem have been studied
mainly for huge mechanical systems (Lim (1992); Han
and Lee (1999); Weickgenannt et al. (2011); Brown et al.
(1999)). The actuator design problem mainly addresses
distributed force actuators. Such actuators are used for
example in continuum robot manipulators (Walker et al.
(2005)). However, the presented method is not restricted
to mechanical systems.

In the present contribution, we define a quality criterion
based on the output controllability and show how it can
be used for designing an optimal input. The criterion is
based on the redundancy of outputs. The redundancy is
measured by the scalar product of the output signals that
can be generated using the two inputs.

It is shown by the analysis that the proposed method can
also be used to identify sets of redundant actuators. Hence,
in addition to revealing optimal actuator layouts, it gives
an indication on how many actuators are actually required.

This paper is organized as follows: The optimal actuator
design problem is formalized in section II. A measure for

the correlation or redundancy of inputs is developed in
section 3. Section 4 solves the optimal actuator design
problem using the previously defined redundancy measure.
The method is applied to an illustrative example in section
5. The paper closes with an brief conclusion and an outlook
in section 6.

2. PROBLEM SETTING

2.1 System under investigation

Assume an asymptotically stable linear MIMO-system
with n states, m′ outputs and an input space of dimen-
sion m. The elements of the input space bi ∈ Cn with
i = 1, . . . ,m can be considered a representation of the
design space for the actuators. All possible actuator con-
figurations must be given by linear combinations of one or
several bi. The elements of the input space are collected
in the input matrix B = [b1, . . . , bm] with m ∈ N being the
total number of possible inputs. Be b1, . . . , bm ∈ Cn and
hence B ∈ Cn×m. Let the system matrix A ∈ Cn×n and

output matrix Cm′×n be given. The inputs and outputs
must be normalized to give appropriate results. Now, the
system with state x(t) ∈ Cn, input u(t) ∈ Cm from the

space of all possible inputs and output y ∈ Cm′ can be
written

G ∶
ẋ(t) = Ax(t) +Bu(t),
y(t) = Cx(t) (1)

The objective is now to find a projection matrix V ∈ Cm×m̂
which implicitly defines a new input û for the system by
the projection u(t) = V û(t). It is, of course not possible
to get better controllability for m̂ ≤ m but it may well
be possible to omit a certain number of inputs without a
significant loss of controllability or to combine a number of
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which implicitly defines a new input û for the system by
the projection u(t) = V û(t). It is, of course not possible
to get better controllability for m̂ ≤ m but it may well
be possible to omit a certain number of inputs without a
significant loss of controllability or to combine a number of
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dynamical systems, relatively little attention has been
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appropriately (Brown et al. (1999)).
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to the actuator-placement problem because the quality
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distributed force actuators. Such actuators are used for
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(2005)). However, the presented method is not restricted
to mechanical systems.
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based on the output controllability and show how it can
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measured by the scalar product of the output signals that
can be generated using the two inputs.

It is shown by the analysis that the proposed method can
also be used to identify sets of redundant actuators. Hence,
in addition to revealing optimal actuator layouts, it gives
an indication on how many actuators are actually required.

This paper is organized as follows: The optimal actuator
design problem is formalized in section II. A measure for

the correlation or redundancy of inputs is developed in
section 3. Section 4 solves the optimal actuator design
problem using the previously defined redundancy measure.
The method is applied to an illustrative example in section
5. The paper closes with an brief conclusion and an outlook
in section 6.

2. PROBLEM SETTING
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figurations must be given by linear combinations of one or
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inputs. The actuator layouts are then given by the columns
of V = [v1, . . . , vm]. Each vi corresponds to an actuator
which brings an input load Bvi onto the system.

2.2 Objective

Depending on the problem under investigation, several
design objectives for the projection V may arise:

(1) If one wants to use as few inputs as possible, m̂ should
be as low as possible.

(2) There may be redundant input configurations that
shall be identified and removed to reduce the number
of inputs.

(3) There may be actuator configurations to G that have
no effect on the output at all since they only drive
the zero dynamics. Such actuators can be neglected
in control design.

(4) If one wants to design a novel distributed actuator,
one may admit any linear combination of inputs. This
problem arises especially if one has a finite-element-
model and one wants to design a distributed actuator.

3. INPUT CORRELATION MEASURE

In this section, a scalar product on the input space is
presented. It defines the correlation of two inputs with
respect to the measurable difference at the outputs. The
norm induced by the scalar product is a measure for output
energy that can be generated using a specific input.

The basic idea to the construction of the scalar product
is to use the observability Gramian for calculating the
scalar product of two output signals. The output signals
are defined by initial system states at time t = 0 which are
given by a Dirac input. In the following, (○)H denotes the
complex conjugate transpose of a matrix.

3.1 Observability Gramian

The observability Gramian Q ∈ Cn×n is defined by
(Gawronski (2004))

Q =
∞

∫
0

exp(AHt)CHC exp(At)dt (2)

and can be calculated by the Lyapunov equation

AHQ +QA +CHC = 0 (3)

It measures the output excitation if the system is in state
x0 at time t = 0. The expression xH

0 Qx0 gives the total
output ”energy” generated by the system for u(t) = 0 ∀t >
0 which is defined by the integral

∞

∫
0

yH(t) ⋅ y(t)dt = xH
0 Qx0 (4)

It seems intuitive to use this quadratic form for the
construction of a scalar product or correlation measure.

3.2 Scalar Product for Input Correlation

We now want to measure the dissimilarity of the output
signals that can be generated by two inputs to the system.
For this purpose, the scalar product

⟨vi, vj⟩G =
∞

∫
0

yHi (t)yj(t)dt (5)

will be used where the signal yi(t) is generated by element
vi from the input space and yj(t) is generated by element
vj from the input space for x(0) = 0. Note that the
scalar product is specific to a system G. The following
lemma permits to compute the above scalar product for
elements of the input space vi and vj . An appropriate
test-signal must be chosen for the input. The Dirac-
signal is appropriate for this purpose since it has a full
and uniform frequency spectrum. The following lemma
introduces the output controllability matrix M ∈ Cm×m
which is the output controllability Gramian of the dual
system(Halvarsson (2008)). It must not be confused with
the output controllability Gramian.

Lemma 1. Consider system (1) with observability Gramian
(2). Let yi(t) be the output signal generated from a dirac
input signal ui(t) = viδ(t) and yj(t) the output signal
generated from another dirac input signal uj(t) = vjδ(t).
Then, the scalar product of both outputs satisfies

∞

∫
0

yHi (t)yj(t)dt = vHi Mvj (6)

with the output controllability matrix

M = BHQB (7)

hermitian and positive semidefinite.

Proof. The solution for the output of system (1) is

yk(t) = C ⋅
t

∫
−∞

exp(A(t − τ))Buk(τ)dτ (8)

With the inputs uk(τ) = vkδ(τ), one obtains

yk(t) = {
C ⋅ exp(At)Bvk if t > 0
0 else

(9)

Substituting this (for = i, j) into the left side of (6) gives
∞

∫
0

yHi (t)yj(t) dt (10)

=
∞

∫
0

vHi BH exp(AHt)CHC exp(At)Bvj dt (11)

=vHi BH

∞

∫
0

exp(AHt)CHC exp(At)dt

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
=Q

⋅Bvj (12)

The lemma follows direcly from the definition of the
observability Gramian (2). Symmetry and definiteness of
M follow from positive definiteness of Q.

The scalar product induces the norm ∥ v ∥G=
√
⟨v, v⟩G.

This norm represents an upper bound for the output
energy per unit of input energy that can be generated using
a specific input. The following relation to the H2-Norm of
the system should be noted (Toscano (2013)):

∥ G ∥2=
√
trace(M) =

�
���

n

∑
i=1

σi(M) (13)

with σi(M) being the singular values of M.
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