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Abstract: This paper investigates the use of dynamic inversion for the attitude control of a
flexible aircraft. Input-output feedback linearization-based dynamic inversion is used to linearize
the angular velocity and forward translational velocity equations of motion. A proportional-
integral-derivative (PID) controller based on the direction cosine matrix (DCM) that describes
the attitude of the aircraft is used, in addition to a proportional-integral (PI) controller to
maintain a desired airspeed. Numerical simulations are performed using the proposed dynamic
inversion controller, as well as more practical implementations of the controller that include
saturated control inputs and no knowledge of the aircraft’s flexible states. In simulation, the
practical controllers successfully stabilize a flexible aircraft with reasonable control surface
deflections.
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1. INTRODUCTION

Dynamic inversion has been shown to be an efficient con-
trol method for aircraft, due to its ability to transform non-
linear equations of motion into linear equations over large
operating regimes (Enns et al., 1994). Dynamic inversion
is a nonlinear control technique that is equivalent to input-
output feedback linearization (Sastry and Isidori, 1989;
Hovakimyan et al., 2005). As the performance limits of
aircraft continue to expand, lighter and consequently more
flexible aircraft are produced. This flexibility has been
modeled (Tuzcu et al., 2007; Patil et al., 1999; Caverly and
Forbes, 2015) and incorporated into the dynamic inversion
control framework (Gregory, 2001; Dillsaver et al., 2013).
However, the work of Gregory (2001) and Dillsaver et al.
(2013) only consider the longitudinal dynamics of a flexible
aircraft. There exists literature on the use of dynamic
inversion for attitude control of flexible spacecraft (Tafa-
zoli and Khorasani, 2004; Malekzadeh et al., 2010), which
contains techniques that can be used as inspiration for the
dynamic inversion of a flexible aircraft.

The novel contribution of this work includes the design and
analysis of a controller that employs dynamic inversion
for attitude and airspeed control of flexible aircraft. In
particular, the use of dynamic inversion with practical
constraints on the number of measured states and on the
magnitude of the control inputs is considered. As proposed
in Tafazoli and Khorasani (2004), dynamic inversion of
the angular velocity equation of motion is performed. The
dynamic inversion presented in this paper differs from
that in Tafazoli and Khorasani (2004) by the inclusion
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Fig. 1. Visualization of a flexible aircraft with body frame
Fb and inertial frame Fa.

of the aircraft’s forward velocity in the dynamic inver-
sion process, which allows for the linearization of the
aircraft’s angular velocity and forward velocity equations
of motion. A proportional-integral-derivative attitude con-
trol law based on the direction cosine matrix (DCM) is
considered along with a proportional-integral (PI) control
law for airspeed control. The proposed dynamic inversion
controller is implemented in simulation on a flexible high-
altitude long-endurance (HALE) aircraft. More practical
forms of the proposed controller are also implemented,
which include limits on the allowable control surface de-
flections, no knowledge of the flexible coordinates in the
dynamic inversion process, and both control surface de-
flection limits and no knowledge of flexible coordinates.

The remainder of this paper proceeds as follows. A presen-
tation of the equations of motion of a flexible aircraft is
included in Section 2. Section 3 includes the dynamic in-
version framework used to control the attitude of a flexible
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for attitude and airspeed control of flexible aircraft. In
particular, the use of dynamic inversion with practical
constraints on the number of measured states and on the
magnitude of the control inputs is considered. As proposed
in Tafazoli and Khorasani (2004), dynamic inversion of
the angular velocity equation of motion is performed. The
dynamic inversion presented in this paper differs from
that in Tafazoli and Khorasani (2004) by the inclusion

Fa

Fb

Fig. 1. Visualization of a flexible aircraft with body frame
Fb and inertial frame Fa.

of the aircraft’s forward velocity in the dynamic inver-
sion process, which allows for the linearization of the
aircraft’s angular velocity and forward velocity equations
of motion. A proportional-integral-derivative attitude con-
trol law based on the direction cosine matrix (DCM) is
considered along with a proportional-integral (PI) control
law for airspeed control. The proposed dynamic inversion
controller is implemented in simulation on a flexible high-
altitude long-endurance (HALE) aircraft. More practical
forms of the proposed controller are also implemented,
which include limits on the allowable control surface de-
flections, no knowledge of the flexible coordinates in the
dynamic inversion process, and both control surface de-
flection limits and no knowledge of flexible coordinates.

The remainder of this paper proceeds as follows. A presen-
tation of the equations of motion of a flexible aircraft is
included in Section 2. Section 3 includes the dynamic in-
version framework used to control the attitude of a flexible
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aircraft. Numerical simulations of the proposed controller
and variations of the proposed controller are presented in
Section 4, followed by concluding remarks in Section 5.

2. DYNAMIC MODEL

Consider the flexible aircraft shown in Fig. 3 whose equa-
tions of motion are

Mν̇ + Dq̇ + Kq + fnon(q,ν) = B̂
[
τ
T

]
, (1)

where qT =
[
rcw

T

a cba
T

qT
e

]
are the generalized coordi-

nates, νT =
[
ṙcw

T

a ωbaT

b q̇T
e

]
are the augmented general-

ized velocities, rcwa is the position of the center of mass of
the aircraft relative to an unforced particle w expressed in
the inertial frame Fa, cba is a column matrix that contains
the nine entries of the DCM that describes the attitude of
the aircraft relative to Fa, qe are the elastic coordinates
used to describe the elastic deformation of aircraft, ωba

b is
the angular velocity of the aircraft relative to Fa expressed
in the body frame Fb. The matrix M = MT > 0 is the
mass matrix, D is the damping matrix, K is the stiffness
matrix, fnon(q,ν) is a column matrix containing nonlinear

terms including aerodynamic forces, B̂ is the matrix that
distributes the inputs to the dynamic equations, τ is the
body torque input to the aircraft, and T is the thrust
input to the aircraft that acts along the longitudinal axis
of the aircraft. Although aircraft do not have actuators
that can exert an arbitrary body torque, a body torque
is considered as a input in this paper for simplicity and
to allow for the use of a DCM-based attitude control
law. The pitch, roll, and yaw moments can be mapped
to the appropriate control surface deflections by solving
a control allocation problem (Durham, 1994; Härkeg̊ard,
2004; Bodson, 2002). The equation of motion in (1) is
rewritten in first-order state-space form as

ẋ = f(x) + G(x)
[
τ
T

]
, (2)

where xT =
[
qT νT

]
,

f(x) =




Γν
fr(x)
fω(x)
fe(x)


 ,

G(x) =




0 0
Grτ (x) GrT (x)
Gωτ (x) GωT (x)
Geτ (x) GeT (x)


 , (3)

[fr(x)
fω(x)
fe(x)

]
= −M−1 (Dq̇ + Kq + fnon(q,ν)) ,

[Grτ (x) GrT (x)
Gωτ (x) GωT (x)
Geτ (x) GeT (x)

]
= M−1B̂,

Γ = diag{1,Γba
b , 1},

and ċba = Γba
b ωba

b . As shown in de Ruiter and Forbes
(2014), the relationship ċba = Γba

b ωba
b stems from Poisson’s

equation, Ċba = −ωba×

b Cba, where

a× =

[
0 −a3 a2
a3 0 −a1
−a2 a1 0

]
,

for a = [a1 a2 a3]
T
. Defining CT

ba =
[
cba1 cba2 cba3

]
and

cba
T

=
[
cba

T

1 cba
T

2 cba
T

3

]
leads to

Γba
b =




0 −cba3 cba2
cba3 0 −cba3
−cba2 cba1 0


 .

The matrices in (1) are further expressed as

M =




Mrr Mrω Mre

MT
rω Mωω Mωe

MT
re MT

ωe Mee


 ,

fnon =

[fnon,r
fnon,ω
fnon,e

]
,

D = diag{0, 0,Dee},
K = diag{0, 0,Kee},

where Dee = DT
ee ≥ 0 and Kee = KT

ee ≥ 0.

3. DYNAMIC INVERSION

The output of the system is chosen to be

y =

[
ωba

b

1T2 Cbaṙcwa

]
, (4)

where 1T
2 Cbaṙcwa is the forward velocity of the aircraft,

1T
2 = [0 1 0], Cba is the DCM that describes the attitude
of Fb relative to Fa, and ṙcwa is the velocity of the aircraft’s
center of mass relative to an unforced particle expressed
in Fa. Taking the time derivative of (4) yields

ẏ =

[
ω̇ba

b

1T
2

(
−ωba×

b Cba + r̈cwa
)
]
,

=

[
fω(x) + Gωτ (x)τ + GωT (x)T

1T
2

(
−ωba×

b Cba + fr(x) + Grτ (x)τ + GrT (x)T
)
]
,

= f̄(x) + Ḡ(x)
[
τ
T

]
. (5)

where

f̄(x) =

[
fω(x)

1T2
(
−ωba×

b Cba + fr(x)
)
]
,

Ḡ(x) =
[

Gωτ (x) GωT (x)
1T2 Grτ (x) 1T2 GrT (x)

]
.

Based on the structure of (5) the control input is chosen
to be [

τ
T

]
= Ḡ−1(x)

(
v̄ − f̄(x)

)
, (6)

which gives ẏ = v̄, where v̄T =
[
vTω vTr

]
. Based on the

chosen aircraft inputs and outputs, the matrix Ḡ(x) will
always be non singular. This may not always be true
when using dynamic inversion with a different set of inputs
and/or outputs. Substituting (6) into (5) gives

ω̇ba
b = vω, (7)

1T
2

(
−ωba×

b Cba + r̈cwa
)
= vr. (8)

Equation (7) represents the attitude dynamics, while (8)
represents the forward velocity dynamics. A PID control
law that incorporates the DCM directly is considered
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